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SUMMARY 
In this thesis a novel problem of chemical engineering design 
optimisation is solved in the presence of uncertainty. Conventional 
design optimisation problems are commonly solved without acknowledgement 
of the presence of uncertainty. Where uncertainty is acknowledged a 
number of simple techniques are used including safety factors, risk 
premiums, and sensitivity analyses. A better technique appears to be 
that of Monte Carlo simulation. In this thesis the optimum design of 
a water-cooling tower under conditions of uncertainty is found by means 
of a Monte Carlo simulation technique. 
Seven sources of uncertainty are considered. These are the 
fluctuation in the ambient wet-bulb temperature, together with the 
variation in cooling demand, volume transfer coefficient, capital cost, 
maintenance cost, packing life, and cost of inadequate capacity. 
A feature of the optimisation method used is that it takes account of 
the flexibility inherent in plant design to allow dynamic optimisation 
of tower operating conditions in response to this uncertainty. 
Results are presented of simulations of tower operation over two 
time intervals. Simulations are conducted both in the presence of 
uncertainty and in its assumed absence. In the latter, two discount 
rates are used to calculate the economic optimisation criterion. 
The results indicate that the presence of uncertainty has a significant 
effect on the choice of an optimum design. The effect is shown to 
increase with the length of time considered. The use of an increased 
discount rate is shown to be an inappropriate method of allowing for 
uncertainty in this instance. - The cost of Monte Carlo simulation is 
shown to be high, and methods of reducing this cost are described. An 
interesting discovery is that tower operation may be approximated by 
assuming a constant wet-bulb teMerature. 
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1. Process design and appraisal under uncertainty 
The decision to install a chemical plant presents the 
engineer with the problem of choosing the most economic design. 
Conventionally the design parameters are adjusted until the criterion 
of profitability employed has been optimised. This profitability 
criterion is generally related by appropriate cost equations to the 
design parameters, and represents the economic outcome of a particular 
design (43). Such optimisation methods make the tacit assumption that 
the system parameters (which include the design parameters) are known 
exactly. However this is not realistic, and optimisation must proceed 
in an uncertain environment. 
Uncertainty in the system parameters means that they have a 
range of possible values instead of a single, known value. In turn the 
profitability criterion used will also have a range of possible values. 
This spread of values constitutes the uncertainty or risk present in any 
process design (59). The choice of an optimum design is made more 
difficult by uncertainty, and techniques are required to account for its 
presence (61). 
1.1 Sources of uncertainty 
Possible sources of uncertainty in process design and appraisal 
are listed in Table 1.1 (6). 
Other major sources of uncertainty include: - 
i) Useful life of a process 
Weaver (72), Hertz (30) and pouliquen (56) have stressed 
the importance of this variable. Canada and Wadsworth (12) in an 
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Table 1.1 Uncertainty which affects the economics of a process 
engineering problem (6). 
Probable variation 
from forecasts over 
10-year plant life 
(%) 
Cost of fixed capital investment -10 to +25 
Construction time -5 to +50 
Start-up costs and time -10 to +100 
Sales volume -50 to +150 
Price of product -50 to +20 
Plant replacement and maintenance costs -10 to +100 
Obsolescence of process or equipment Indeterminate 
Income tax rate -5 to +15 
Inflation rates -10 to +100 
Interest rates -50 to +50 
Working Capital -20 to +50 
Legislation affecting product Indeterminate 
Raw material availability and price -25 to +50 
Competition Indeterminate 
Salvage value '-100 to +10 
Profit -100 to +10 
0 
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examination of the effect of project life dispersion on project 
profitability have demonstrated that this can significantly affect 
appraisals of capital investments. 
ii) Learning 
Malloy (46) has pointed out that the production 
capacity of chemical plants often grows beyond the original design 
capacity because of learning. However the degree to which learning 
can improve plant performance cannot be predicted with accuracy and is 
therefore subject to uncertainty. 
iii) Plant performance 
Uncertainty in plant performance may arise in a number 
of ways. 
For instance the natural conservatism of engineers tends to 
encourage the use of safety or overdesign factors (32,61). The use 
of such safety factors can result in plant which will produce more than 
the nominal design capacity, but whose actual capacity will be uncertain 
(27,62). 
Alternatively (27) uncertainty regarding plant performance 
can arise in novel processes where process deficiencies may limit 
production, which subsequent de-bottlenecking might improve. Furthermore 
because production often depends on a number of linked units (62) 
limitations in the performance of one unit may in turn affect the 
performance of the entire process. 
Finally, variations in predicted plant performance may occur 
as the result of uncertainty in design data (7,43) or in the design relati< 
ships used, the accuracy of which can vary depending on the state of 
knowledge regarding the process being considered (61). 
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iv) Operating environment 
Berryman and Himmelblau (7,8,9) and Kado and 
Himmelblau (41), have pointed out that uncertainty concerning a 
process may also be caused by random fluctuations in the inputs to the 
process or in the unmeasured ambient conditions surrounding the 
process. In examinations of the effect of an uncertain operating 
environment on the choice of optimum reactor design they found that 
such uncertainties had a significaxf1 effect, both on reactor operation 
and on the choice df an optimum design. 
v) Growth in demand 
The final source of uncertainty considered here is the 
growth in demand. It is usually anticipated that the demand for output 
from a plant will grow with time (17,73), and the choice of an optimum 
plant size will balance the economies of scale of a larger plant against 
the cost of idle over-capacity (17). However the future demand has to be 
forecast, and forecasting is uncertain and imprecise (17,61,73). The 
optimum plant size must therefore be found in the face of an uncertain futu 
in which the demand for a product can be very different from that expected. 
1.1.1 Relative importance 
Data on the relative importance of different sources of 
uncertainty are rare. 
Pouliquen (56), in considering three projects examined by the 
World Bank, found that those variables whose uncertainty contributed 
most to overall project uncertainty were: - 
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i) product cost 
ii) overall operating costs (including different 
cost elements) 
iii) maintenance and repair costs 
iv) output of a project 
v) initial demand 
vi) growth of demand 
vii) useful project life 
viii) productivity of labour 
Malloy (46) in an analysis of investment profitability 
found that those variables which determined the margin of income 
over variable costs made the overwhelming contribution to any 
uncertainty. These variables were the 
i) market demand 
ii) market share 
iii) learning 
iv) price 
v) variable cost 
Of these factors price and market demand appeared the most critical. 
Compared with those factors listed above none of the other 
factors considered (Table 1.2) appeared to make a significant 
contribution to overall uncertainty. 
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Table 1.2 Relative importance of sources of risk (46) 
Source Relative contribution 
to uncertainty in 
Present Worth* 
Margin over Variable Cost** 96 
Investment, after Tax Credits: - 
Initial 7.9 
De-bottlenecking 1.1 
Sustaining 0.6 
Fixed Costs 11.8 
Maintenance, Insurance and Taxes 3.6 
Working Capital Charge 1.5 
* Variance in present worth due to variable - as a percentage 
of the total variance in present worth. 
ft 
Margin [(Sales). (Price - Variable Cost). (1 - Tax rate). 
0 (Discount Factor) ]. dt (ime) 
N. B. The individual variances do not sum to the total variance 
because the variables are not independent. 
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1.2 Dealing with uncertainty 
Faced with the presence of uncertainty, techniques are 
required to deal with it during process design and appraisal. 
1.2.1 Safety factors 
One means of dealing with uncertainty in a process is by 
employing safety factors when designing equipment to ensure adequacy 
of throughput (43,59,61). Processing equipment is purposely designed 
to be more durable, more flexible, and of greater capacity than is 
demanded on the basis of the best information available in an attempt 
to protect the system from unknown effects. 
However (61), the evidence on which general overdesign factors 
are based may be quite tenuous, and a danger is that a specific design 
factor for a given processing component might become a standard of 
practice and be applied in situations somewhat different from the original 
case which led to its adoption, thus becoming a source of design error 
itself. 
Further (59), the design and appraisal of a project can employ 
the collective efforts of several experts. Particularly under 
conditions of uncertainty each may be tempted to reflect their 
assessment of the situation by biassing their judgements on the side 
of safety by using overdesign or safety factors. The combined effect 
of each of these contributions may produce a design far removed from that 
appropriate to the true situation. 
1.2.2 Risk premium 
A type of crude safety factor which is sometimes used to 
account for uncertainty in the future is a risk premium (22,35,60). 
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Discounted cash flow techniques used to assess project profitability 
acknowledge that money is worth more today than in the future by 
discounting future cash flows using an appropriate factor. The 
discount factor used corresponds to the cost of capital to a firm, 
and represents the minimum acceptable rate of return of a investment 
in a process (60). To account for uncertainty a firm may require 
investments to give a rate of return with a sufficient risk premium 
in addition to its cost of capital. The riskier an investment is felt 
to be, the bigger the risk premium (60). This places a lower value on 
uncertain future earnings than when uncertainty is ignored, and discounts 
the future at a faster rate. 
However, the use of a discount factor is a somewhat arbitrary 
way of dealing with uncertainty (22,60) and has the disadvantage of 
suppressing, or not considering at all, information on the form of the 
uncertainty. It is therefore felt to be an unsatisfactory method of 
accounting for uncertainty (35). 
1.2.3 Sensitivity analyses 
Neither of the two methods of dealing with uncertainty 
already discussed, the use of safety factors or risk premiums, gives 
any information regarding the overall uncertainty in a process. This 
uncertainty is reflected in the distribution of possible outcomes (59), 
which may be the profitability of the process or some other process 
parameter (43). Hertz (30) has pointed out that responses to the 
presence of uncertainty may differ, and that in some cases designs with 
low expected profitability where the risk is low may be preferred to those 
with higher expected profitabilities but higher risks. In other cases 
the choice may be made on the basis of expected profitability, and the 
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variance may be ignored. A knowledge of the probability distribution 
of the outcome of a process will enable the expected value of the 
profitability criterion to be found, as well as the variance or risk. 
Hence different decision criteria may be employed when comparing process 
designs to choose an optimum (59). 
Some idea of the form of the uncertainty in a process may be 
achieved by the use of sensitivity analyses (32,35,59). A range of 
possible values of the profitability criterion may be found by 
evaluation of the profitability for different values of key parameters (32). 
These parameters may be given optimistic, expected (or mean), and 
pessimistic values (35). Alternatively values of the profitability 
criterion may be found which correspond to unit changes in key 
parameters (32). 
Sensitivity analyses provide information on how, and to what 
extent, individual factors and parameters are likely to influence the 
outcome of a process (59). However, a sensitivity analysis is restricted 
in the information it can give (35). The probability of obtaining any 
particular profitability is not given because interactions between parameters 
are unknown (35). Without knowledge of such probabilities the expected 
outcome of a process may not be found. Thus, a sensitivity analysis 
provides an idea of what is possible, but little idea of what is 
likely (27). 
1.2.4 Risk analysis 
Faced with the drawbacks of those methods already discussed 
a number of authors (7,29,30,32,46,59) have pointed out the advantages 
of using risk analysis. In risk analysis uncertain variables are 
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described by probability distributions instead of by single, expected 
values. These distributions are used to determine the overall 
uncertainty in the outcome of a process. 
Two techniques may be employed to find this overall 
uncertainty, one analytic employing the laws of probability, and the 
other a sampling procedure known as Monte Carlo simulation (32). 
Examples of the first technique of risk analysis have been 
presented by Hess and Quigley (32), Saletan and Casselli (62), Rudd and 
Watson (61), and Reutlinger (59). The simplest approach (32,62) uses 
analytic probability distributions to define uncertain parameters by 
assuming parameter uncertainty to be normally distributed. The 
profitability criterion for a process is then evaluated by employing the 
laws of probability calculus to describe the interactions of uncertain 
parameters. The result is an expected value for the profitability 
criterion employed. 
An extension of this approach (59,61) uses the mean and 
variance in the values of a parameter to describe its probability 
distribution, and employs the probability laws to find the variance of 
the outcome of a process as well as its expected value. This gives a 
more complete description of the overall uncertainty in a process. 
However, it has been pointed out (32,59) that the probability 
laws may only be applied in the case of problems involving simple 
probability distributions or few uncertain parameters, and (61) that 
process engineering optimisation problems can be extremely complex. 
Furthermore, the results of an analytic approach provide only the 
expected value and the variance of the outcome of a process design, 
leaving the exact shape of its probability distribution unknown. For 
this reason the Monte Carlo method is recommended (30,32,59,61) as 
avoiding the disadvantages of this method. 
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1.2.5 Monte Carlo simulation 
This is a simulation procedure whereby complicated expressions 
involving one or more probability distributions may be evaluated. 
Repeated calculations (or simulations) are made of the value of a 
function of uncertain variables. For each function evaluation a 
random set of conditions is chosen from the set of probability 
distributions (46). Individual function values so obtained are an 
approximation to its true probability distribution. This approximation 
approaches the true distribution as the sample size increases (32). 
The advantages of using Monte Carlo simulation to account for 
uncertainty in process design and appraisal are that: 
i) the uncertainty in a parameter may be described exactly (59). 
ii) no assumptions need be made regarding the form of'this 
uncertainty (59). 
iii) "objective" and "subjective" probabilities may be used to 
describe parameter uncertainty (27,59). "Objective" probabilities are 
applied to parameters, such as rainfall or temperature, whose probability 
distributions can be found by repeated experience and measurement of 
different outcomes. An example of a "subjective" probability is the 
belief or expectation regarding possible values of an uncertain parameter 
held on the basis of personal experience (62). 
iv) the need for bias or safety factors is removed. 
Personal beliefs or expectations regarding possible parameter values can 
be built into the appropriate probability distributions (7,30,59). 
v) because the use of the laws of probability is not 
necessary, any problem which can be solved when parameter uncertainty 
is ignored may also be solved in the presence of uncertainty (32,59). 
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vi) the resulting probability distribution of outcomes 
is a complete description of the uncertainty in a process. This 
provides a basis by which a choice between different designs may be 
made when the degree of risk in each is known (30,59). 
The primary disadvantage of Monte Carlo simulation is that the 
accuracy of the results increases with sample size. The sample sizes 
required to attain required levels of accuracy can be very large (42,59,61), 
and the computing required, even with fast computers, can be expensive 
and time consuming. However, it is possible to increase the efficiency 
of simulation by a number of variance reducing techniques which permit a 
reduction in the sample size required to produce estimates of a fixed level 
of accuracy. 
1.3 Applications of Monte Carlo simulation 
Published literature on applications of Monte Carlo 
simulation in dealing with uncertainty is rather sparse. What has been 
published may conveniently be separated into theoretical and practical 
applications. 
Theoretical applications 
Few conclusions may be drawn from such published 
examples (27,29-32,46,67) due to their theoretical nature. These 
examples do serve, however, to show the sort of problem to which this 
technique may be applied - for instance in the assessment of a 
proposed investment in chemical plant in fact of uncertainty (27,29-32,46), 
or the choice of an optimum plant size to be installed to meet an 
uncertain demand (67). 
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One point which emerges from these theoretical examples 
is that they appear to indicate that when uncertainty is considered 
explicitly by means of Monte Carlo simulation the outcome of a process 
is less optimistic than when uncertainty is ignored. Malloy (46) has 
discussed this point, and also the relevance of the results of such 
simulations. He indicates that experience with Monte Carlo simulation 
techniques has shown conventional economic evaluations to yield estimates 
of profitability that are too high, the probability of achieving such 
profitabilities being only 20 - 30%. According to Malloy these 
conclusions appear to closely match actual experience in the case of 
several plant investments in the chemical industry. The profitability 
of these plants, when reassessed after some years of operation and compared 
with forecast profitabilities, showed the chance of reaching the forecast 
profitability to be only 26%. 
Practical applications 
Dagnall (67) has described how a problem involving the 
expansion of oil tanker berths to handle an increasing demand for 
berthing facilities was solved by simulating the arrival and waiting times 
of tankers for different berth sizes. An optimum degree of expansion 
was decided upon on the basis of the results of the simulations, a 
decision which subsequent experience showed to have been correct. 
A rather more complex application, concerning the planning 
of the optimum size of boilers and turbines to install to meet future 
power requirements, is described by Jackson et al. (39). Here the 
sources of uncertainty considered included forecasts of demand changes; 
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daily, weekly, monthly, and yearly variations in the system; and 
the shutdown of units due to random failure or planned maintenance, 
as well as a number of familiar sources of uncertainty. 
The technique employed by Jackson et al. was to build a 
computer model, which was essentially a pilot plant of the system 
permitting evaluation of many alternative systems. This model was 
used to simulate operation over several years by considering successive 
time periods. Various decision rules were built into the model in 
order to define the flexibility inherent in the operation of the system. 
The result of the simulations were cost and production statistics used 
to choose an optimum system of steam boilers and turbines. 
The use of this simulation model was shown to compare 
favourably with the actual performance of the system. 
Pouliquen (56) has described the use of Monte Carlo simulation 
in three projects analysed by the World Bank where the presence of 
uncertainty meant that neither conventional appraisals nor sensitivity 
analyses gave satisfactory results on which firm decisions could be made. 
Sensitivity analyses were used, however, to indicate which variables 
were principally responsible for variations in the rate of return, with 
Monte Carlo simulations being subsequently used to generate cumulative 
probability distributions for rates of return. On the bases of these 
distributions decisions were then made whether to proceed with or to 
forego the projects concerned. In making these decisions the mean rate 
of return was felt to be a particularly useful criterion. 
Examining the results of simulations it was found that the 
presence of uncertainty resulted in two projects having mean rates of 
return higher than that calculated using best estimates for uncertain 
variables, while the remaining project had a mean rate of return 
lower than that calculated using expected values. 
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Pouliquen also discusses the usefulness of several forms 
of probability distribution in describing variable uncertainty. 
Most useful were found to be the step-rectangular, discrete, trapezoidal, 
and triangular distributions (see Figure 1.1). Use of the uniform 
distribution, exployed when judgement or uncertainty was vague, was felt 
to be best avoided where possible. Normal and beta distributions 
appeared to be of little use with risk analysis variables because their 
use to describe subjective judgements was felt not to be justified 
except where statistical data were available which made the use of 
these distributions appropriate. 
Among projects where risk analysis had been applied, 
Pouliquen indicates that there were four kinds of problem where 
uncertainty played an important role. 
i) Marginal projects which were only just profitable, 
and uncertainty regarding input variables was sufficient to make them 
unprofitable. 
ii) Unusual uncertainties. Projects where the uncertainty 
in some variables was so great there was a distinct possibility that 
the project might fail. 
iii) Optimisation of project specification, where a choice 
among alternative designs was made difficult by the presence of 
uncertainty. 
iv) Project identification, where no detailed study had 
been made, and only rough data estimates were available. 
The problem found to arise most frequently was that of the 
optimisation of project specifications. 
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Applications of Monte Carlo simulation of particular 
interest to chemical engineers are described by Berryman and Himmelblau (7,8,9), 
and Kado and Himmelblau (41). In these applications Monte Carlo simulations 
were used to examine the response of different reactor models to random 
inputs and uncertain parameters. The Monte Carlo method was employed 
because the authors felt it to represent the chemical engineering processes 
occurring more faithfully than other techniques. These other techniques 
required assumptions which were felt to be unrealistic regarding the nature 
of the uncertainty in the random variables. 
The simulations of reactor operation under uncertainty 
produced frequency distributions of reactor outlet concentration for 
different reactor sizes. Knowledge of these distributions enabled 
calculations to be made of the confidence with which required output 
concentrations could be achieved. At any required confidence level, 
therefore, the reactor size required to achieve this output could be 
specified. By relating this to the size of reactor calculated using 
expected values of random variables, appropriate over-design factors were 
found. 
Reactors sized in the absence of uncertainty were shown-to 
be too small when uncertainty was considered, the use of over-design 
factors up to 40% being necessary to achieve the required outlet 
concentrations. The size of the over-design factors was shown to depend 
on the confidence level of achieving such outputs. 
1.4 Purpose of this work 
It can be seen from the preceding discussion that the presence 
of uncertainty in process design and appraisal is a recognised phenomenon, 
and that of the methods available for dealing with such uncertainty 
Monte Carlo simulation appears the best. 
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Published illustrations of the use of Monte Carlo 
simulation in the design and appraisal of processes under conditions 
of uncertainty suffer, however, from one or other of the following 
drawbacks: - 
either i) they are too theoretical 
or ii) they are concerned only with the profitability of a single 
process, with no attempt being made to optimise the process by comparing 
alternative designs 
or iii) the effect of uncertainty is only considered where it 
influences the economics of a process. No attempt is made to examine 
how uncertainty influences the operation of a process. 
The purpose of the work presented in this thesis is to attempt 
to avoid these limitations. The work consists of 
i) the solution by means of the Monte Carlo simulation 
technique of a novel problem of chemical plant design optimisation under 
conditions of uncertainty. 
ii) an assessment of the effect of uncertainty on the choice 
of an optimum design. This is achieved by comparing the optimum found 
in the presence of uncertainty with that found when it is assumed to be absent. 
iii) a comparison between the results achieved using Monte Carlo 
simulation and those achieved with a simpler technique of dealing with 
uncertainty, namely the use of an increased discount factor. 
iv) an examination of the question of whether the time and 
effort required to simulate a process is justified by the savings 
resulting from an optimum design. 
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2. Cooling tower design under uncertainty 
The particular problem considered is that of optimising the 
design of a water-cooling tower in the presence of uncertainty. This 
piece of equipment is chosen for the following reasons: 
i) it is commonly encountered in industry. 
ii) the design of a cooling tower can be considered largely 
independent of the design of other equipment. This makes the 
optimisation of the design easier. One of the problems in designing 
many pieces of industrial equipment is that the design of one piece can 
intimately affect the design of another (17). For example, in the 
design of a distillation column, the column, reboiler, and condenser 
units cannot be sized independently (17). 
iii) the performance of cooling towers is profoundly affected 
by the atmospheric wet-bulb temperature, which is known to be uncertain (28). 
As a result records are available of the wet-bulb temperature variation in 
different parts of the country (28). Because wet-bulb temperature 
variations differ in different locations, a cooling tower design which is 
adequate in one spot may not be adequate in another. A technique which 
enables the designer to consider quantitatively the effect of wet-bulb 
temperature variation will therefore be useful in helping to adjust designs 
to different locations. 
iv) Comprehensive data is available on the design and 
performance of cooling towers, and on the costs of installation and 
operation (14,36,49,50,76). 
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2.1 Statement of design problem 
The problem of cooling tower design under conditions of 
uncertainty, is presented here in a quantitative rather than qualitative 
form. In this way it is hoped that it is made more realistic and 
typical of industrial problems. In addition it enables quantitative 
assessments to be made of the effects of uncertainty. 
The statement of the problem is - 
Find the optimum design of a water-cooling tower to cool 
process cooling water from 93°F to 73°F when 
i) the initial demand for cooling water is expected to be 
106 lb/hr 
ii) the demand is subsequently expected to increase by 4% 
per annum over 20 years 
iii) it is recognised that uncertainty exists in some of the 
variables which affect the design of a cooling tower. 
Jackson (38) points out that a water-cooling tower is usually 
required to cool a given flowrate of water between hot and cold water 
temperatures chosen from economic or technical considerations. For this 
reason it is assumed that variations in cooling duty can be expressed as 
changes in the water rate. 
The specification of a growing, as opposed to a constant, 
demand is based on the argument (17,73) that chemical plant is usually 
installed to satisfy a demand which it is anticipated will grow with 
time. A growth period of 20 years is chosen because, as Coleman and 
York (17) have pointed out, the growth in demand need not be considered 
indefinitely since, over long periods, the future becomes so discounted 
that its effect may reasonably be neglected. 
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The question of subsequent additions to the initial 
design to meet the growing demand is not considered since, as Rudd 
and Watson have indicated (61), although plans for plant expansion to 
meet this growth may be made into the distant future a commitment is 
made only to the first step in the form of an initial design. Errors 
in this initial design may be subject later to partial correction. 
2.2 Conventional cooling tower design 
A detailed discussion of conventional cooling tower design 
appears in Appendix A. In such a conventional design procedure 
the basic equations of cooling tower operation are used to calculate the 
design variables required. These are the height Z, and area A, of 
packing which together define the volume of packing, V (38). 
Generally a water-cooling tower will be required to cool a 
given flowrate of water between certain temperatures when the wet-bulb 
temperature of the atmosphere has a given value (38). Typically a 
wet-bulb temperature will be chosen which is only exceeded for a certain 
percentage of the time (28). Hence, 
i) the hot and cold water temperatures, tL2' tLl 
ii) the water rate, L 
iii) the wet-bulb temperature, twb 
are set by the conditions of the design problem. From economic 
considerations an optimal air rate, G, at which the tower will operate 
is then chosen. This is possible only with mechanical-draught towers (38). 
With the above variables specified the packed volume, V, may 
then be found from the equations of cooling tower operation. Further 
economic considerations lead to the choice of an optimal air rate per unit 
cross-section of tower, G/A (33). With the air rate already specified 
the area of packing, A, follows immediately, as does the height of 
packing, Z. 
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It can be seen, therefore, that the conventional design of 
cooling towers makes no explicit allowance for any uncertainties present, 
though the uncertainty in the wet-bulb temperature is implicitly considered 
in the choice of a suitable wet-bulb temperature. However uncertainties 
do exist which make this conventional approach unrealistic. The nature 
of these uncertainties is discussed next. 
2.3 Uncertainty in cooling tower design 
The sources of uncertainty in the design of cooling towers 
considered in this thesis include: 
i) Wet-bulb temperature 
The most important single item affecting the performance 
of a cooling tower is the wet-bulb temperature of the entering air, 
the wet-bulb temperature being the lowest temperature to which water 
can be cooled in such a tower (38). Data on the wet-bulb temperature 
variation at different locations in Britain are available in the form of 
graphs giving the cumulative frequency distribution of wet- and dry-bulb 
temperatures at each place. The graphs are based on hourly 
observations at each location, made over a period of ten years (28). 
The particular location considered is Croydon, the wet- (and 
dry-)bulb temperature variations for which are illustrated in Figure 2.1. 
ii) Forecast demand for cooling water 
Chemical plant is usually installed to satisfy a demand 
which it is anticipated will grow with time (17,73). The difficulty 
of forecasting future demand is illustrated by data on sulphuric acid 
usage (Figure 2.2) (66). It can be seen that although the trend 
(an increase in usage with time) is well-defined, the actual usage in 
any year can depart significantly from that expected. 
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Fig. 2.2 An example of demand variation - 
Sulphuric acid usage, 1942-69 
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The demand for cooling water at a manufacturing site depends 
on circumstances. In this thesis a parallel is drawn between the demand 
for cooling water and that for sulphuric acid because both are required 
for a wide variety of processes. It is assumed that just as sulphuric 
acid usage reflects the state of the economy as a whole, in a similar 
manner the demand for cooling water will reflect the economic conditions 
at a manufacturing site. For this reason the variation in demand shown 
in Figure 2.2 is taken as typical of that for cooling water. 
iii) Tower performance 
Once in operation, the performance of cooling towers can 
differ significantly from that predicted (29,34,44,45,64). A measure 
of the performance of a water-cooling tower is provided by the volume 
transfer coefficient (38) which represents the rate of heat and mass 
transfer in a tower. Smith and Williamson (39) have published the 
results of a comprehensive programme of tests of cooling tower performance 
on a number of commercial towers. These results (Figure 2.3) 
the variation possible in tower performance. Towers with performances 
less than that predicted will be unable to meet design specifications, 
those with performances greater than predicted will have a degree of 
over-capacity which will permit them to meet demands greater than originally 
specified. 
iv) Packing life 
The operating life of cooling towers can be very long, 
and may be measured in decades (44,75). As indicated previously, over 
long periods, 20 years or more, the future becomes so discounted that 
it may reasonably be neglected, along with questions of ultimate plant 
life and replacement. The operating life of a tower may therefore be 
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considered to have very little effect on the economics of cooling tower 
design. The life of the tower packing, on the other hand, is much 
shorter (64), and deterioration of the packing may require it to be 
replaced well before the end of the useful tower life. The life of 
tower packings can be important in cooling tower economics (64), and 
variations may be significant when designing such towers. 
v) Capital cost 
No estimate of the capital cost of a plant design will 
be exact. The accuracy of such estimates depends on how much information 
is available when they are made. Bauman (6) gives the accuracy that might 
be expected of different estimates. 
Table 2.1 Accuracy of different capital cost estimates (6) 
Estimate type Accuracy 
Order of magnitude (or Study) probably > ±30% 
Preliminary (otherwise Budget Authorisation ±20% 
or Scope) 
Definitive (or Project Control) ±10% 
Detailed (Firm or Contractors) ±5% 
vi) Maintenance costs 
A number of authors (6,46,56) have stressed the 
significance of considering the uncertainty in the maintenance cost 
when assessing plant investments. The uncertainty in cooling tower 
maintenance cost is well shown by the data presented by Larinoff (44) 
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(see Figure 2.4). These data represent the maintenance costs of 
50 similar cooling towers up to 18 years old. It can be seen that 
there is considerable variation in the maintenance cost in each year. 
vii) Cost of inadequate capacity 
Rudd and Watson (61), and Avriel and Wilde (3) have 
pointed out that, once a piece of equipment is built and put into 
operation, uncertainties in performance are swept away. Should the 
equipment be inadequate for its task under normal operating conditions, 
its performance may be improved, but at a loss of efficiency. As a 
result the demand on the plant is met, but with an increase in operating 
costs and a consequent reduction in profits. 
Hess and Weaver (33), and Saletan and Casselli (62) point out 
further that a plant may be inadequate not only because of deficiencies 
in performance, but also because an increasing demand has reached a level 
at which it can no longer be met. The optimum choice of plant design, 
therefore, balances the cost of inadequate capacity (lost potential profits) 
against the cost of excessive capacity (wasted capital investment). 
The cost of inadequate capacity may therefore be considered 
as a form of penalty function for inadequate design, to be included in 
the objective function to be evaluated (75). The difficulty is to 
put a figure to this cost, and an arbitrary choice may be the best that 
can be achieved (70). A discussion of the appropriate cost of inadequate 
capacity for a cooling tower is given in Appendix E. 
Other variables whose uncertainties may influence plant design 
and appraisal (Chapter 1.1) are not considered because: 
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i) Some variables are not relevant, or only marginally so, 
to cooling tower design. For instance, it is unlikely that the salvage 
value of a cooling tower has a significant effect on the choice of a 
design since the useful life of a tower can be very long, and the salvage 
value is, in any case, likely to be small. 
ii) The effect of some variables is difficult to quantify. 
Examples of such variables are inflation and technological obsolescence. 
In the case of inflation, it is only necessary to take account of it when 
it is expected that the movement of prices and costs of relevance to a 
particular investment decision are likely to differ from the inflation 
of prices and costs in general (50). An assumption commonly made is 
that this is not so. 
Technological obsolescence, or learning, results in improvements 
in plant performance (46). In the case of cooling towers it has been 
exhibited by the improvements in packing performance and in liquid 
distribution. However, for a well developed technology such changes are 
likely to be small. 
iii) the presence of too many uncertain variables, some of 
which may contribute only marginally to the overall uncertainty, might 
make the choice of an optimum design excessively complicated. At the 
same time the presence of too many uncertain variables might obscure any 
analysis of the relationship between causes of uncertainty and their 
effects on the choice of an optimum design. 
2.4 Monte Carlo approach to cooling tower design 
From the previous discussion it can be seen that the 
assumption of conventional approaches to cooling tower design, that 
all variables are known exactly, is unrealistic. The effect which 
random inputs and uncertain parameters can have on the output from a 
process has been demonstrated by Himmelblau et al. (7,8,9,41), who have 
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shown that the output achieved in such cases may be significantly less 
than that expected when uncertainty is ignored. This is an example of 
what can happen if the response to uncertainty is passive, that is if no 
attempt is made to alter the operating conditions of a process in the 
face of uncertainty. 
However, Rudd and Watson (61) and Avriel and Wilde (3) have 
pointed out that the flexibility inherent in most chemical plant permits 
dynamic optimisation of plant operation during the life of the plant. 
In this dynamic optimisation, optimal values for operating variables may 
be set after plant has been installed in response to random values of 
uncertain variables. For instance, most plant which has been 
over-designed can operate satisfactorily well below capacity (73) so that 
operating costs can be reduced from their value at the nominal plant 
capacity, though they will still be higher than for a plant designed 
specifically for the level of demand experienced. Conversely a plant 
which has been under-designed can be made to operate at capacities above 
its nominal capacity (23,62). In this case operating costs will be 
expected to increase from their value at nominal plant capacity, and to 
be higher than for a plant specifically designed to meet the required 
demand, but they will be compensated by increased profits. 
A realistic approach to cooling tower design will therefore 
need to consider the nature of any uncertainties present, the effect 
of these uncertainties on cooling tower operation, and the possible 
response in tower operating conditions to variations in uncertain variables. 
This realistic approach is achieved here by the use of 
, 
Monte Carlo simulation to model the operation of tower designs in the 
face of uncertainty. 
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The general strategy to be employed is illustrated in 
Figure 2.5. By describing uncertain variables by means of 
probability distributions full account is taken of this uncertainty. 
In particular the annual variation in the wet-bulb temperature is modelled, 
as are the changes in cooling water demand occurring from year to year. 
An important feature of this simulation strategy is the need for a 
model of cooling tower operation which can calculate the appropriate operating 
conditions in response to variations in uncertain variables. The 
construction of such a model is described in Chapter 3. 
In Chapter 4 the simulation of tower operation is described. 
One of the difficulties of Monte Carlo simulation is that, because it is 
a sampling process, the value of any criterion used to distinguish between 
tower designs cannot be found exactly. Instead what may be found is an 
expected value for the criterion employed which has an associated degree 
of variance. Methods for reducing this variance are therefore also 
discussed in Chapter 4. 
The choice of an appropriate optimisation criterion by which 
an optimum design may be chosen is discussed in Chapter 5, together with 
the question of the accuracy with which the optimum may be found in the 
face of the variance present in the optimisation criterion. 
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3. Modelling tower operation under uncertainty 
The purpose of this chapter is to show how the presence 
of uncertainty will affect the conditions of cooling tower operation, 
and how cooling tower operating variables should be altered in response 
to this uncertainty. 
Firstly it will be shown that a cooling tower, once installed 
and in operation, must satisfy certain necessary conditions. 
Subsequently it will be shown that the effect of uncertainty will be to 
alter the conditions which must be satisfied, and to reduce the number of 
variables whose values may be specified. Finally it will be shown that, by 
altering the values of score of the operating variables, an optimum response 
may be made to any uncertainty, and that a computer model may be 
developed which will 4iimulate this response. 
3.1 Necessary conditions of tower operation 
Cooling tower operation may be shown to be described by the 
relationship (Appendix A) 
(K . a). A. Z. 
L 
tL2 
dtL 
tLl 
(h -h) 9 
(A-la) 
and to depend on the variables 
(K 
9 
a) - volume transfer coefficient of packing 
A- area of packing 
z- height of packing 
L- water rate 
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G- air rate 
tab - wet-bulb temperature 
tLl - cold water temperature 
tL2 - hot water temperature 
This relationship may therefore be written as 
a(A, Z, (K 
g . 
a), twb, tLl, tL2, L, G) =0 (3-1) 
In Appendix B it is shown that for the packing type considered 
in this thesis Kg, the mass transfer coefficient, is a function of the 
water and air rates in a tower, the mean air density (p 
g 
), the area of 
packing, and the surface area per unit volume of packing (s), and that 
Kg may be written (Equation B-19) 
Kg = K. ß(A, s, pgL, G) (3-2) 
where K is a constant whose value depends on the particular packing used. 
It is further shown that the mean air density may be assumed to 
be a function of the wet-bulb temperature (Equations (B-27, B-28, B-29)) 
- i. e. Pg = Y( wb) (3-3) 
and that a, the effective surface area per unit volume of packing, 
is a function of the water rate, packing area, and actual surface area 
per unit volume of packing (Equations (B-20, B-24, B-26)) 
i. e. a d(A, s, L) (3-4) 
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If Equations (3-2), (3-3) and (3-4) are combined, the 
volume transfer coefficient may be written 
K9a=K. e(A, s, twb, L, G) (3-5) 
Incorporating (3-5) in (3-1) leads to the relationship 
n(A, Z, K, wb, tLl, tL2, L, G) =0 (3-6) 
For a given cooling tower the height and area of packing will 
be fixed, and the hot and cold water temperatures required will be 
opecified from technical and economic considerations (33). There will 
therefore be. a set 
F{A, Z, tLl, tL2} 
of variables whose values are fixed, so that equation (3-6) may be 
rewritten 
F(K, twb, L, G) =0 (3-7) 
Now, it can be shown (Appendix C) that when the hot and 
cold water temperatures have been specified the water and air rates 
at which a cooling tower may operate are limited (Figure 3.1). 
The lower limit shown in Figure (3.1) represents the 
absolute upper limit to water/air ratio (L/G). This is the maximum 
water/air ratio at which a tower even of infinite size will cool water 
over the specified temperature range. The value of this limiting 
ratio depends on the wet-bulb temperature, so the constraint may be 
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written 
(L/G) < X(ttb) 
i. e. u(twb, L, G) <O (3-8) 
The upper limit in Figure 3.1 represents the maximum air rate 
feasible in a cooling tower - the flooding air rate. This flooding air 
rate may be written (from Equation C-15(a), (b)) 
Gf = v(A, S, p9 L, G) (3-9) 
hence, recalling that the mean air density will be a function of the 
wet-bulb temperature (Equation 3-3), and that A and s are fixed by the 
design of the tower, the second constraint to water and air rates will 
be 
w(twb, L, G) _< 
O (3-10) 
Because a cooling tower is usually constructed in order to 
satisfy a demand for cooling, a third constraint on tower operation 
may be assumed. This is that the water rate in a tower should be the 
same as the demand for cooling water, 
i. e. L= Lr, (the cooling water demand) 
(3-11) i. e. a(L, Lr) -0. 
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It can be seen, therefore, that for a given tower with a 
fixed set of values 
F{A, Z, s, tL1, tL2} 
the remaining set of values 
R{K, wb'L, G } 
must be such that ' 
C(K' wb, L, G) =0 (3-7) 
subject to the constraints 
u(twb, L, G) 0 (3-8) 
7r(twb, L, G) 50 (3-10) 
Q (L, Lr) =0 (3-11) 
3.2 Effect of uncertainty 
Of the seven sources of uncertainty considered in this thesis 
only three - the wet-bulb temperature, the cooling water demand, and 
the performance of a tower once installed - will be of significance to 
the actual operation of a cooling tower. For convenience the uncertainty 
in tower performance will be treated as occurring in the constant K 
used to evaluate the volume transfer coefficient. 
- 40 - 
When uncertainty is assumed to be absent, as in 
conventional cooling tower design, then the wet-bulb temperature, 
the constant K, and the water rate in a tower, will have values 
specified by the designer. K will be fixed by the particular type of 
packing, and L will be the specified cooling water demand. This 
will leave only the air rate (G) from the set 
R{K, twbL, G} 
to be chosen such that conditions (3-7), (3-8), (3-10) and (3-11) are 
satisfied. 
The effect of uncertainty, however, will be to provide sets of 
values 
U{K, twb, Lr} 
of the uncertain variables chosen at random from their respective 
probability distributions. As a consequence K, twb, and Lr, instead 
of being variables whose values may be specified, will be independent 
variables. Furthermore, because either K or tab or Lr occurs in each 
of the four conditions (3-7), (3-8), (3-10), (3-11), there will be 
associated with each set of uncertain variable values 
U{K, twb, Lr} 
a related set of conditions 
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ý(K, twb, L, G) =0 
U(twb, L, G) _< 
0 
n(twb, L, G) <0 
0 (L, Lr) =o 
which must be satisfied by the set 
R{K, wb'L, G} 
(3-7) 
(3-8) 
(3-10) 
(3-11) 
However, if K, twb, and Lr, are independent variables then, 
with L constrained to be the same as Lr, only G is free to be altered 
such that the above conditions are satisfied. 
It can be seen, therefore, that the ultimate effect of uncertainty 
on cooling tower operation is to alter the conditions which must be 
satisfied by a tower, and that as a consequence the air rate must be 
varied in response to changes in uncertain variables until the required 
conditions (3-7), (3-8), (3-10), (3-11) are satisfied. 
3.3 Response to uncertainty 
The variation of the air rate in response to uncertainty as 
described above is possible only with a mechanical-draught cooling 
tower (33). The effect of altering the air rate in such a tower, 
and the consequences of uncertainty on the choice of an operating air 
rate, are shown in Figure 3.2 which plots the variation with the 
air rate of the left- and right-hand sides of Equation (A-la), 
LHS =(K9.4A. Z (3-12) 
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tL 2 dt 
) (3-13) RHS = 
f(hL 
-hL 
L1 g 
with all other variables constant. 
The air rate at which a tower must operate satisfies the 
condition 
E(K, ttb, L, G) =0 (3-7) 
which corresponds to 
LHS = RHS (3-14) 
In Figure 3.2 this air rate is represented by the point where these two 
curves cross. It can be seen that this air rate is unique. 
The lower limit to the air rate shown in Figure 3.2 corresponds 
to the air rate at which the water/air ratio equals its limiting value, 
i. e. to the condition 
u (twb, LG) =0 (3-15) 
while the upper limit shown corresponds to the flooding air rate, i. e. 
to the condition 
lr(twb, L, G) -0 (3-16) 
The effects of variations in the three uncertain variables 
- wet-bulb temperature, cooling water demand, and volume transfer 
coefficient - are shown by comparing Figures 3.2(b), (c), (d) with 
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Figure 3.2(a). It can be seen that as the wet-bulb temperature and 
water rate increase, and as the volume transfer coefficient decreases, 
the air rate at which a tower must operate increases. It can also be 
seen that as the wet-bulb temperature and water rates increase the range 
of air rates permitted decreases (see also Appendix C). 
When the air rate is varied in response to uncertainty, therefore, 
two situations may be envisaged as occurring due to uncertainty: - 
Case 1 
The first is that, for a particular set of uncertain 
variable values 
U{K, twb, Lr} 
it is possible to find an air rate G such that the condition (3-7) 
and constraints (3-8), (3-10), (3-11) are satisfied. This is 
illustrated in Figure 3.2 where, in every case, the two curves (LHS 
and RHS) cross between the limiting air rates. It can be seen that 
this situation is characterised by 
LHS ? RHS (3-17) 
when, 
a(L, Lr) =0 i. e. L- Lr (3-18) 
n(twb, L, G) =0i. e. G- Gf (3-16) 
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Case 2 
Alternatively it may be that it is impossible to find 
an air rate which satisfies condition (3-7) without violating the 
constraint 
Tr (twb, L, G) <0 (3-10) 
This situation will arise when the water rate and wet-bulb temperature 
are sufficiently high, or the volume transfer coefficient sufficiently 
low, for the two curves in Figure 3.2 to cross at an air rate which 
exceeds the flooding air rate. It can be seen that this almost 
occurs in Figures 3.2(b), (c). The characteristics of this'situation 
will therefore be that 
LHS < RHS (3-19) 
when 
a(L, Lr) =0i. e. L- Lr (3-18) 
lr(twb, L, G) =0i. e. G= Gf (3-16) 
A third situation which may arise is, - 
Case 3 
In this situation the demand for cooling water exceeds the 
limiting water rate Lu, shown in Figure 3.1, which results from the 
constraints 
11 (twb, L, G) <0 (3-8) 
n(twb, L, G) -0 (3-10) 
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It can be seen from Figure 3.1 that at water rates which exceed this 
limiting rate any air rate will violate one or other of the above 
constraints, making it impossible to find an air rate which satisfies 
condition (3-7) unless one of the constraints is relaxed. This 
situation will be characterised by 
u(twb, L, G) >0i. e. (L/G) > (L/G) 
m 
(3-20) 
when, 
or by, 
when, 
Q (L, Lr) =0i. e. L= Lr (3-18) 
IT(ttb, L, G) =0i. e. G= Gf (3-16) 
7r (twb, L, G) >0i. e. G> Gf (3-21) 
a(L, Lr) =0i. e. L= Lr (3-18) 
N (twb, L, G) =0i. e. (L/G) - (L/G) 
m 
(3-22) 
An operating air rate may only be found in Cases 2 and 3, 
therefore, if one or more of the constraints is relaxed. In this 
thesis it is assumed that the constraint on the maximum air rate may 
not be relaxed, because it represents a tower characteristic fixed by the 
design, but that the constraint on the water rate, Equation (3-11), may. 
It is further assumed that the costs incurred as the water rate is reduced, 
due to the inadequate capacity of a tower to meet the required demand 
(Appendix E), will be greater than the cost savings due to the reduction 
in the air rate (caused by a reduction in the power needed for the fans, 
the cost of which is a major element in cooling tower operating costs (38)). 
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This assumption is based on the fact that often in the 
chemical industry it is more profitable to satisfy a demand, even if 
this means operating at plant capacities well above nominal, rather 
than to restrict plant output and thereby forego some of the profits 
to be attained from this demand. 
Consequently the most economic response in Cases 2 and 3 is 
assumed to be to reduce the water rate as little as possible by maintaining 
the air rate at its maximum - that is, to find a water and air rate lying 
on 
1T(twb, L, G) =0 (3-16) 
which also satisfy 
LHS = RHS (3-14) 
3.4 Computer model 
A computer model may be constructed to simulate tower operation, 
based on the discussion above. The flowsheet of this model is shown in 
Figure 3.3. It can be seen that this model consists of a preliminary 
investigation to see which of the situations envisaged (Cases 1,2 or 3) 
has arisen as a result of uncertainty,. followed by an appropriate search 
procedure to find the water and air rate at which a tower must operate. 
3.4.1 Preliminary investigation 
As has been shown in Section 3.3, each of the three situations 
envisaged has different characteristics. In the computer model 
preliminary investigations two tests are made which define the 
characteristics of the current situation, and hence which of Cases 1,2 
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-50- 
or 3, has arisen. The two tests are: - 
With 
U(L, Lr) =0i. e. L= Lr (3-18) 
Test 1 
when, 
71(twb, L, G) =0i. e. G= Gf (3-16) 
is 
u (twb, L, G) <0i. e. (Lr/Gf) < (L/G) 
max 
? 
If not, then constraint (3-8) is violated, and Case 3 has arisen. 
Test 2 
when, 
1r(twb, L, G) =0i. e. G= Gf (3-16) 
is 
LHS > RHS? 
If not, then condition (3-7) cannot be satisfied without violating 
constraint (3-10), and Case 2 has arisen. 
If both tests are satisfied, then it is Case 1 which has arisen. 
The calculation of the limiting air rate, Gf, and the limiting 
water/air ratio at the current wet-bulb temperature are described in 
Appendix C. 
3.4.2 Search patterns 
Three distinct search patterns are employed, corresponding 
to each of the situations envisaged. These search patterns are 
illustrated in Figure 3.4. 
Q= point where 
LHS = RHS 
tD 
oc 
Water' 
. 
rate, L 
a) Case 1 
b) Case 2 
c) Case 3 
Fig. 3.4 Search pattern for optimum operating conditions 
Lr L 
Lr Lu 
Lu Lr 
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Case 1 (Figure 3.4(a) 
The water rate is maintained constant at Lr, the cooling 
water demand, and a search is made of the air rate G between the 
limits (points R and S), 
(lower) GL = Lr/(L/G)max , air rate at maximum water/air (3-23) 
ratio 
(upper) GU = Gf, flooding air rate (3-24) 
until 
LHS = RHS. 
Case 2 (Figure 3.4 (b)) 
The search for operating water and air rates takes place along 
SQ i. e. 
ý(twb, L, G) =O (3-16) 
with the air rate maintained at the appropriate flooding rate, and the 
water rate L as the search variable. The limits to the water rate are 
(lower) LL =0 (3-25) 
(upper) LU = Lr (3-26) 
and the search stops when 
LHS = RHS 
Case 3 (Figure 3.4(c) 
The search pattern is similar to Case 2, except that the 
limits to the water rate are 
(lower) LL -0 (3-25) 
(upper) LU = Lu (3-27) 
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where the limiting water rate Lu is calculated as in Appendix C. 
3.4.3 One-dimensional search procedure 
A common feature of the above search patterns is the need for 
a one-dimensional search between known limits, with either the air rate 
or water rate as the search variable, in order to find the water and 
air rates which satisfy 
LHS = RHS 
i. e. C(K, twb, L, G) =O (3-7) 
This is modelled as a Golden Section search procedure the object 
of which is to minimise the function (LHS - RHS)2. The minimum 
corresponds to LHS = RHS. A Golden Section search is chosen in preference 
to a Fibonacci search procedure because it is easier to program, and is 
only slightly less efficient (61). 
3.4.4 Program and listing 
A detailed flowchart of the model of tower operation, 
together with a program listing, is presented in Appendix J. The 
derivation of analytic forms of the relationships described and 
developed in this chapter appear in Appendices B and C. These 
analytic expressions are incorporated in the program. 
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4. Simulation 
The model of tower operation developed in Chapter 3 forms 
the basis by which cooling tower operation may be simulated. A general 
description of the simulation procedure employed is given by the 
flowsheet in Figure 4.1. The elements of this simulation procedure 
are discussed in this chapter. 
4.1 Variable uncertainty - probability distributions 
The first stage in the simulation of tower operation is the 
description of uncertain variables by means of appropriate probability 
distributions. 
4.1.1 Triangular distributions 
Uncertainties in the capital cost, volume transfer coefficient, 
cost of inadequate capacity, and maintenance cost, are described by the 
triangular distributions illustrated in Figure 4.2. These distributions 
give the relative frequency of variable values expressed in terms of the 
most likely value. For each triangularly distributed variable X with 
mode Xm, maximum Xu, and minimum XL, the frequency distribution is 
given by (Appendix G) 
2 (X-XL) 
(Xü XL) (Xm XL) 
f (X) 
2 (X-Xu) 
(xu XL) (Xm Xu) 
XL <X5 Xm (4-1a) 
Xm<X, < Xu (4- lb } 
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Two parameters are required to define the uncertainty in these var- 
iables. They are XU and XL, the maximum and minimum values relative 
to the most likely value, Xm. For each variable the range of 
uncertainty is chosen thus: - 
i) Capital cost 
It is assumed that the choice of an optimum tower design 
is made at the Budget Authorisation stage of capital cost estimation (6,50). 
This is the stage at which the viability of a proposed process is assessed, 
and acceptable processes sanctioned. 
The accuracy of a capital cost estimate at this stage is stated 
variously as being ±10% (50) to ±20% (6) of the mode. It is assumed that 
any error in the estimate for a relatively simple and standard piece of 
equipment like a cooling tower will be lower than average. It is also 
assumed that an under-estimate is more likely than an over-estimate. 
The capital cost is therefore assumed to be bounded 
-10% to +15% of the best estimate. 
ii) Volume transfer coefficient 
Smith and Williamson (64) have presented data on 
the departure from its expected value of the volume transfer coefficient 
of the packing considered in this thesis (Chapter 2, Figure 2.3). 
Examination of these data shows all departures to lie within 
±20% of the expected value. 
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iii) Cost of inadequate capacity 
It is arbitrarily assumed that this could be anything 
from half to double the best estimate i. e. the range is -50% to +100%. 
iv) Maintenance cost 
The data of Larinoff (44) on the variation in maintenance 
costs for different grid-packed towers (Chapter 2, Figure 2.4) shows these 
to vary by as much as ±100% of their average value in any year. These 
data refer, however, to towers with different packings (though of the 
same type). It is assumed that for a specific packing type the 
uncertainty will be somewhat less. 
In the absence of any further data a conservative view is 
taken, and it is assumed that the maintenance cost may vary from half to 
double (-50% to +100%) the best estimate of this cost. 
Triangular distributions are chosen to describe the 
uncertainty in the above four variables because it is felt that the 
theoretical nature of the problem does not justify the use of more 
complicated distributions, and because (5o): - 
i) they are useful where the form of a distribution is 
unknown, but it is felt to be certain that the probability of an 
extreme value is less than that of the best estimate. 
ii) where information is scarce they make a good 
approximation to a normal or beta distribution. 
iii) they have the advantage over many standard distributions 
of the absence of the "tail" associated with these distributions. 
The probability of extreme catastrophes or windfalls, which are very 
4 
unlikely, is therefore removed. 
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4.1.2 Packing life 
The uncertainty in the packing life is described by the 
Poisson distribution in Figure 4.3(a). This distribution is chosen 
because there are not enough data on cooling tower packing life to 
enable a probability distribution to be found directly. Data are available, 
however, on the expected life of packings. The advantage of using a Poisson 
distribution is that the only parameter required to characterise it is the 
expected packing life, since the relative frequency of any Poisson variate 
X with an expected value up is given by (51) 
-u (u )X 
f (X) =ep X-- 
(4-2) 
Smith and Williamson (64) report the use of an expected 
packing life of 15 years in the design of towers with the packing 
considered in this thesis. This is therefore taken to be the expected 
packing life in this instance. 
Strictly speaking the Poisson distribution, which is commonly 
used to describe the life expectancy of equipment whose failure is the 
result of random processes (63), may not be applicable when describing 
the life expectancy of wooden packings which fail because of gradual 
deterioration of the timber. However, where the expected value of a 
Poisson variate is greater than 10 (51), as in this case, the distribution 
may be considered very nearly normal and the use of a normal distribution 
to describe variable uncertainty may be justified by the Central Limit 
Theorem. This Theorem states that the sample averages from almost 
any population tend to become normally distributed as the sample size 
increases (71). It is common practice based on this Theorem to employ 
a normal distribution where information regarding variable uncertainty is 
scarce (51). 
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4.1.3 Cooling water demand 
It has already been pointed out (Chapter 2) that a 
parallel is drawn between the demand for cooling water and that for 
sulphuric acid. The variation in demand for sulphuric acid illustrated 
in Figure 2.2 is therefore taken as typical of that to be expected for 
cooling water. 
Analysis of the data in Figure 2.2 (Appendix G) shows it to 
be possible to predict the demand in each year from the relationship 
n+l 
Dn +6 
n 
where, 
D'n+l = forecast demand in year N+l 
Dn= actual demand in year N 
6= forecast increase in demand 
n 
and, 
(4-3) 
do = Dn - Dn-1 (i. e. the same as the actual increase 
in the previous year) (4-4) 
such that the departure of the actual demand from that predicted has a 
standard deviation, 
D- Dn 
M D' 
ad =-0.08 (4-5) 
n =1 
M 
It is assumed that this standard deviation (ad) comes from 
the log-normal distribution illustrated in Figure-4.3(b). This gives 
the distribution of the actual demand relative to that predicted. 
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A log-normal distribution is chosen because the same percentage 
variations above and below the expected demand have the same 
probability i. e. a demand double that predicted has the same 
probability as one half that predicted. This is felt to be more 
realistic than a normal distribution, which gives the same absolute 
variations above and below the expected value the same probability. 
That a demand double that expected has the same probability as a zero 
demand seems unlikely. 
Naylor et al. (51) point out that the log-normal distribution 
is often used in the analysis of sales data for this same reason. 
The relative frequency distribution of a log-normal 
X is given by 
U 
f (Y) =1 eXp (- )y) 
2] 
(4-6) 
vyr2 -ir y 
--<1<+ o0 
where, 
Y= log (X) 
= mean y of Y 2= 
variance 
Y 
Naylor et al. (51) show that uy and ay can be related to 
ux = mean ) 
of X 
a= standard deviation ) x 
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by the relationships 
V 
u= log (p )- log [X2+ 1] (4-8) 
yxX 
2V 
= log cry [ 
x2 + (4-9) 
(ux) 
where, 
V= ax = variance of X. x 
(4-10) 
uy = log (ux) - IS log [( ux 
)2+ 1] (4-11) 
x 
. '. ay = log Qx 
)2+ 1] (4-12) 
x 
If the annual demand for cooling water is expressed relative 
to the forecast demand then 
uX = 1.0 
uy -12 log 
[( 
uXx 
)2 + 11 (4-13) 
4.1.4 Wet-bulb temperature 
The wet-bulb temperature variation is charactered by the 
distribution illustrated in Chapter 2 (Figure 2.1). 
4.1.5 General 
It will be seen that, with the exception of the wet-bulb 
temperature, whose frequency distribution is available directly from 
published data, a number of assumptions are made when describing 
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variable uncertainty. This is necessitated by the lack of data on 
the uncertainties in the variables considered. In a practical 
situation, however, either such data will be available or, when 
absent, past experience of cooling tower operation may be employed 
to describe these uncertainties. In this way the arbitrary distributions 
used in this thesis may be avoided, and they may be replaced by more 
appropriate distributions - for instance the step-rectangular, 
recommended by Pouliquen (56). 
4.2 Variable uncertainty - simulation 
4.2.1 Triangularly distributed variables 
To simulate triangularly distributed variables the distributions 
illustrated in Figure 4.2 are considered to be those of factor values Xf 
by which the most likely value V of each variable must be multiplied to 
find its actual value i. e. 
Va = V. X f 
Simulation is by generating random factor values from the distributions 
in Figure 4.2, and then multiplying the most likely variable values by 
these random factors. 
One of the difficulties of simulation is to decide whether 
variable values calculated from published data refer to the mode (most 
likely value), the mean (expected value), or some other value. In the 
case of the volume transfer coefficient the mode and the mean are 
synonymous because it has a symmetric distribution about the mode. 
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For convenience it is assumed that published data enable 
one to calculate the mode rather than the mean. Each variable is 
therefore simulated by multiplying its value calculated from published 
data by random values of its associated factor. 
Random factor values are generated by the Inverse Transformation 
method (51). With this method the relative frequency distributions in 
Figure 4.2 are first converted into corresponding cumulative frequency 
distributions (illustrated in Figure 4.4). In Appendix G it is shown 
that, for a triangularly distributed variable Xf with mode Xm, 
maximum Xu, and minimum XL, the cumulative frequency distribution is 
(X 
f- XL) 
2 
XLXf< Xm (4-14a) 
(Xu - XL) . (XX - XL) 
F (Xf) (Xm -xu) (Xm - XL) + (X f-xu 
)2 - (Xm -xu )2 
x<Xfu 5X 
(xu - XL) .(X- XL) 
(4-14b) 
Subsequently each random factor is simulated by generating 
a uniform random number R lying in the range 0-1, and finding the 
factor value with a cumulative frequency corresponding to R. This is 
achieved by inverting Equation (4-14) to form 
x 
XL + F(Xf) . (Xu - XL). (Xm - XL) F(Xf) Xm X 
uL 
X= (4-15a) 
: Ku 
X 
u_ i/[F 
(Xf) . (Xu - XL) . (Xm - Xu) F (Xf) >- ( xm - 
XL 
u 
X. 
+ (xm - xu) 
2+ 
(xu - xm) . (xm - XL) 
] 
(4-15b) 
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and replacing F(Xf) by R. 
A schematic representation of this process and a FORTRAN 
segment to generate random factor values are illustrated in Figure 4.5. 
It is assumed that the four triangularly distributed 
variables - capital cost, volume transfer coefficient, maintenance 
cost, cost of inadequate capacity - are independent of time. As 
indicated in Figure 4.1 random variable values are generated at the 
start of each simulation of tower operation and remain constant during 
a simulation. 
In fact only the capital cost may be expected to have a 
constant value during a simulation. The other three variables, for 
a number of reasons, may well have values which change with time. One 
of these reasons is learning. 
Because of learning it might be expected, for instance, that 
a tower with a volume transfer coefficient well below that anticipated 
will be modified to improve its performance. Similarly, a tower with 
maintenance costs well above average might be modified to reduce the level 
of these costs. 
Without adequate data, however, it is difficult to decide how 
variable values might be expected to vary with time. For this reason 
it is assumed that variable values are independent of time. 
4.2.2 Packing life 
It is assumed that the packing is replaced at the end of 
its life by a similar packing. During a simulation of tower operation, 
therefore, when the year of packing failure is reached there is an 
increase in the operating costs which corresponds to the replacement 
cost of the packing. 
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`U' 
f fX 1 
1. R= RND(R) 
2. IF (R-(XM-XL)/(XU-XL)) 3,3,5 
1 3. XF - XL + SQRT (R*(XU-XL)*(XM-XL)) 
4" GO TO 6 
5. XF - XU-SQRT(RK(XU-XL)*(XM-XU) 
1. 
0 
`U' 
X 
F, R 
VsV. X 
R f, R 
"'f 
6" CONTINUE 
I" VR -V XF 
+(XM-XL)*(XU-XM) 
+(XM-XU) &(XM-XU)) 
I FORTRAN segment 
Fig. 4.5 Generation of random triangular variates 
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A FORTRAN subroutine described by Naylor et al. (51) is used 
to generate a simulated value for the packing life at the start of each 
simulation. This subroutine is illustrated in Figure 4.6. 
4.2.3 Cooling water demand 
The demand for cooling water is simulated annually using a 
modified form of Equations (4-3) and (4-4) 
D' 
n+l 
Dn +6n 
(4-3) 
(4-4) 
6o Dn - Dn-1 
to predict the demand in each year. The actual demand is simulated 
by multiplying the predicted demand D' n+1 
by a random factor Xd 
n+l 
drawn from the distribution illustrated in Figure 4.3(b). 
' 
In the statement of the design problem the demand is predicted 
to increase by 4% per annum. This implies that the demand in any 
three successive years is expected to be related 
Dn = 1.04. D n-1 
(4-16) 
Dn+l 1.04. Dn (4-17) 
and the increases in demand to be related 
an-1 s 0.04. D 
n-1 
(4-18) 
6=0.04. D 
nn 
- 0.04. (1.04. D 
-1) 
- 1.04.6n_1 (4-19) 
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MAIN 
CALL 
POISSON (XM, X) 
SUBROUTINE 
POISSON (XM, X) 
INITIALISE X, TR 
B= E XP (-XM) 
1. SUBROUTINE POISSON (XM, X) 
2. X=0.0 
3. B- EXP (-XM) 
4. TR = 1.0 
5. R= RND(R) 
6. TR = TR *R 
7. IF (TR-B) 1ä, 8v8 
8. X=X+1.0 
9 GO TO 5 
1O. RETURN 
GENERATE R 
X =X+ 1.0 
TR=TR*R 
X- POISSON VARIATE 
XM - EXPECTED VALUE 
R- RANDOM NUMBER (0-1) 
TR-B 
o+ 
RETURN 
MAI N 
Flowchart FORTRAN Subroutine 
Fig. 4.6 Generation of Poisson variates 
MAIN 
CALL 
LNORMAL (EX, STDX, XD) 
SUBROUTINE 
LNORMAL (EX, STDX, XD) 
F= ((STDX/EX)*»2.0+1.0) 
STDY= SQRT(LOG(F )) 
EY= LOG(EX)-0.5*LOG(F) 
SUM= 0.0 
DO 
I=1,12 ----ý 
GENERATE R 
i 
SUM =SUM+R I 
XDs EXP(EY+STDY*(SUM-6.0)) 
RETURN 
MAIN 
Flowchart 
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I i. 
2. 
ý 3. 
4. 
5. 
SUBROUTINE LNORMAL(EX, STDX, XD) 
F= ((STDX/EX) as 2.0 + 1.0 
STDY = SQRT (LOG M) 
EY = LOG(EX) - 0.5 " LOG(F) 
SUM = 0.0 
6. DO 8I=1,12 
7. R= RND (R) 
8. SUM = SUM +R 
9. XD = EXP (EY + STDY ýIt (SUM - 6.0) 
10. RETURN 
XD = LOG-NORMAL VARIATE 
EX = MEAN 
)OF XD 
STDX = STANDARD DEVIATION) 
EY=MEAN 
)OF Y 
STDY = STANDARD DEVIATION) LOG ('xD) 
R RANDOM NUMBER (0-1) 
FORTRAN Subroutine 
Fig. 4.7 Generation of log-normal variates 
- 72 - 
Equations (4-3) and (4-4) are therefore modified thus: - 
In the first year the predicted demand is 
Di = 1.04. D0 (60 = 0.04 Do) (4-20) 
where, 
D= 106 lb/hr. (4-21) 
0 
Subsequently the predicted demand is 
Dn+l = Dn + do (4-22) 
n-0,1,2,... 
6n=1.04. (D 
n-D n-1 
) (4-23) 
The actual demand in any year is 
n+l'Xd, n+l 
(4-24 Dn+l - D' 
Random values of the multiplying factor Xd, n+l are generated 
annually by 
the FORTRAN segment illustrated in Figure 4.7. The derivation of this 
method of generating log-normal variates, by summing uniform random 
numbers in the range 0-1 (the Central Limit approach) is described by 
Naylor et al. (51). 
4.2.4 Wet-bulb temperature 
As shown in Chapter 3, variations in the wet-bulb 
temperature result in different operating air, and perhaps water, 
rates in a tower, and hence different operating costs. The purpose of 
simulating the wet-bulb temperature is to find the expected operating 
cost in each year as a result of this variation. 
The expected operating cost E(C) is found in each year 
from the relationship (71) 
f1 
E (C) -JC. dF(C) (4-25) 
0 
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The cumulative frequency distribution of operating costs is 
found by employing the model of tower operation developed in Chapter 3 
to calculate the operating water and air rates, and hence the 
operating cost (Appendix F), at different wet-bulb temperatures. The 
result of these calculations is illustrated in Figure 4.8 which shows 
the variation of the operating cost with wet-bulb temperature for a 
given cooling water demand when all other uncertain variables are constant. 
From an inspection of Figure 2.1,20°F and 72°F are chosen as being the 
maximum and minimum wet-bulb temperatures likely to be experienced. 
The important feature of the curves in Figure 4.8 is that they 
show the operating cost to increase smoothly and monotonically with 
wet-bulb temperature. This means that, other things being equal, 
associated with each operating cost is a unique wet-bulb temperature, 
while with each wet-bulb temperature there is associated its cumulative 
frequency (Chapter 2, Figure 2.1). 
Now, if y is a monotonically increasing function of x, and 
y=b when x=a then, if the cumulative frequency distributions of 
x and y are F(x) and G(y) respectively, 
Prob (y S b) - Prob (x S a) 
and, since y _< 
b when and only when x<a (70), 
G (b) F (a) 
(4-26) 
(4-27) 
The cumulative frequency F(C) of a given operating coat C in 
any year may therefore be found by equating it to the cumulative frequency 
of the wet-bulb temperature at which this cost is incurred. 
N 4-J 44 
ýi 
d+ 
'V 
d+ ý a -- 
aG N 
0 N 
-4 
I 0 N 
.1 
O 
ON d º4 a 
41 to s4 
a 
dl 
O 
.ý 
41 
0 
4J 
M 
O 
U 
C 
-r-1 
O (i 
fn $4 
fA 
tl' 
0 
0 
0 M 
JO 
0 
- 74 - 
co 
$4 1j 41 - 
ßa O 
V V 
QÖ 
CO N 00 N 
-4 1-1 
G7 
10 
r- 
8 
59 lO rO 
0 
(30) ein-4piadwa-4 gTnq--zaM 
OOO0 
9 Cl? 
JIN 
n baa3 aAT tmmn3 
- 75 - 
If the cumulative frequencies of the operating costs in 
Figure 4.8 are calculated in this way the results are the curves 
shown in Figure 4.9. These curves show the cumulative frequency 
distribution of operating costs to vary with both water rate and 
tower size. 
Because of this variation, the integral 
E(C) C. dF(C) (4-25) 
fo 1 
is evaluated numerically. The method employed is to calculate the 
operating cost at regularly spaced values of the wet-bulb temperature. 
17 values are chosen corresponding to 
20 0F- OF in steps of 4°F (11 points) 
twb 
62°F - 72°F in steps of 2°F (6 points) 
The expected operating cost is then found using the Trapezium rule, 
where, 
and, 
16 
E (C) _i/ (Ci + Ci+l). AF 1 (4-28) i=1 
API. = (F(C)i+l - F(C)i) (4-29) 
F(C)i = F(twb)i = cumulative corresponding 
frequency 
to Ith value 
Ci = operating 
cost of twb 
The values of F(C) i and 
AFi appear in Table 4.1(a). 
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Table 4.1s Wet-bulb temperatures and cumulative frequencies at which operating cost is evaluated 
a) 17 point Trapezium rule integration b) 51 Point Simpson's rule integration 
I 
Net-bulb 
temperature 
tMb or 
Cumulative 
frequency 
Fitvb) - F(C)S AFS I 
Wet-bulb 
temperature 
twb OF 
Cumulative 
frequency 
F(twb) - F(C)S AFL I 
(continued) 
twb F(C)i AFL 
1 20 0 
. 012 
1 20.0 0 
. 02 . 
02 
2 24 . 012 
2 26.0 . 02 
27 47.8 . 52 02 
. 018 ßo2 . 
3 28 . 030 3 29.6 . 04 
28 48.3 54 
. 037 O2 . 
02 
4 32 . 067 4 
31.6 . 06 2 
29 48.8 . 56 02 
5 36 . 140 
. 073 5 32.8 . 08 
0 
30 49.3 . 58 
, 
02 
. 105 . 
02 . 
6 40 . 245 6 34.2 . 10 
31 49.8 . 60 02 
7 44 . 380 
. 135 7 35.1 . 12 
. 02 
O2 
32 50.3 . 62 
. 02 
8 48 . 522 
. 142 42 8 35.9 . 14 
33 50.8 . 64 02 
.1 . 
02 . 
9 52 . 688 9 36.7 . 16 O2 
34 51.3 . 66 
. . 02 
10 56 . 823 
. 135 35 10 37.5 . 18 
35 51.8 . 68 02 
.1 
O2 , 
11 60 . 925 11 
38.3 . 20 02 
36 52.4 . 70 02 
12 62 . 958 
. 033 12 39.0 . 22 
. 37 52.9 . 72 
. 
02 
. 021 
O2 . 
13 64 . 979 13 39.8 . 
24 
O2 
38 53.5 . 74 
. 02 
14 66 . 990 
. 011 14 40.4 . 26 
39 54.1 . 76 02 006 . 02 , . 
15 68 . 996 15 41.1 . 28 O2 
40 54.7 . 78 
, 02 
16 70 . 9985 
. 16 41.8 . 30 41 55.3 . 
90 
02 
. 0015 O2 . 17 72 1.000 17 42.4 . 32 O2 
42 56.0 . 82 
, 02 
18 43.0 . 34 
43 56.7 . 84 O2 . 02 
19 43.6 . 36 44 57.4 . 
86 
02 
20 44.1 . 38 
ýO2 45 58.2 . 88 
. 
. 02 , 02 21 44.7 . 40 46 59.0 . 
90 
. 02 . 
02 
22 45.2 . 42 47 59.8 . 
92 
2 . 02 
23 45.6 44 
O 
48 60.7 . 94 . 2 . 02 24 46.3 . 46 49 62.0 . 
96 
02 
25 46.6 . 48 
O2 
50 64.3 "98 
. 
02 
26 47.3 . 50 
. 02 51 72.0 1.00 
. 
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In'Table 4.2 the expected operating cost calculated in 
this way is presented for a variety of tower designs at the same 
cooling water demand. Also shown are the expected costs calculated 
using: - 
i) the same method, but with the operating cost evaluated 
at 27 wet-bulb temperature values, 
20°F - 59°F in steps of 3°F (14 points) 
a twb 
60°F - 72°F in steps of 1°F (13 points) 
In this way more evaluations of the operating cost are made over the 
range in which its value changes most quickly. 
ii) Simpson's rule with the original range of integration 
divided into 50 and 100 subintervals. When using Simpson's rule the 
operating costs are calculated at wet-bulb temperatures corresponding 
to evenly spaced values of F(C). The appropriate wet-bulb temperatures 
to be chosen when using Simpson's rule with 50 subintervals are shown 
in Table 4.1 (b). 
The expected operating cost calculated using Simpson's rule 
with I+1 ordinates is (54) 
f 
E(C) C. dr(C) -3 [C1 + 4C2 + 2C3 + 4C4 +.... + 2C1_1 + 4Ci + Ci+ll 
0 
(4-30) 
where, 
h (constant) range of each subinterval 
= AF 
=t (4.31) 
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Table 4.2 Expected operating cost as a function of tower size 
Cooling water demand, Lr = 1.5 x 106 lb/hr. 
Expected operating cost, £x 104 
Integration method 
Packing Packing 17 point 27 point 51 point 101 point 
height area Trapezium Trapezium Simpson's Simpson's 
Z, ft A, ft2 Rule Rule Rule Rule 
4 600 4.54 4.54 4.54 4.53 
4 800 2.89 2.88 2.88 2.87 
4 1000 1.86 1.85 1.85 1.83 
4 1200 1.39 1.38 1.39 1.38 
4 1400 1.17 1.16 1.18 1.16 
8 600 1.73 1.72 1.73 1.71 
8 800 1.15 1.14 1.16 1.14 
8 1000 0.99 0.99 1.02 0.99 
8 1200 0.93 0.93 0.97 0.94 
8 1400 0.90 0.90 0.95 0.91 
12 600 1.16 1.15 1.18 1.15 
12 800 0.97 0.97 1.00 0.97 
12 1000 0.92 0.92 0.97 0.93 
12 1200 0.89 0.89 0.95 0.90 
12 1400 0.88 0.88 0.94 0.88 
16 600 1.03 1.03 1.06 1.03 
16 800 0.94 0.94 0.98 0.94 
16 1000 0.91 0.90 0.96 0.91 
16 1200 0.89 0.89 0.94 0.89 
16 1400 0.88 0.88 0.94 0.88 
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The error term may be estimated from (54) 
IEiI _ 
1* 
5- 
IfIV(E)I O<C<1 (4-32) 
where, 
4 
fIV(c) _ dd(F(C)) 
I at F(C) =c (4-33) 
Using this formula the error in the expected operating cost using 
Simpson's rule with 100 subintervals is estimated to be 2% of the true 
value. 
From Table 4.2 it can be seen that there is very little 
difference in the expected costs calculated in each of the four ways. 
The 17 point Trapezium rule method is chosen because it requires fewer 
operating cost evaluations, and hence greatly reduces the amount of 
computing time required. 
An interesting feature of the expected operating cost is 
illustrated by Table 4.3. This shows the wet-bulb temperature at which 
the operating cost is the same as the expected annual operating cost for 
a number of different conditions. 
It can be seen that most of the equivalent wet-bulb 
temperatures lie between 53°F and 55°F. A good approximation therefore 
appears to be that the expected operating cost in any year is the same 
as that which would be incurred if the wet-bulb temperature were constant 
at 54°F. The advantage of this approximation is that the expected 
operating cost may be found by a single calculation of the operating 
cost at this wet-bulb temperature, with a consequent 17-fold reduction 
in the amount of computing required. 
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Table 4.3 Wet-bulb temperature at which operating cost equals 
expected operating cost 
Packing 
height 
Cooling 
water 
demand 
Lr lb/hr 
(x 106) 
1.00 
1.25 
z= 8' 1.50 
1.75 
2.00 
1.00 
1.25 
z= 12' 1.50 
1.75 
2.00 
1.00 
1.25 
Z= 16' 1.50 
1.75 
2.00 
Packing 
area 600 800 1000 1200 1400 
A, ft2 
Equivalent wet-bulb temperature, 0F 
55 54 54 54 54 
54 54 54 54 54 
52 55 54 54 54 
49 53 55 54 54 
48 52 54 55 54 
54 54 53 53 53 
55 54 54 53 53 
55 54 54 54 54 
53 55 54 54 54 
52 53 55 54 54 
53 53 53 53 52 
54 53 53 53 53 
55 54 53 53 53 
55 54 54 53 53 
53 55 54 54 53 
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Both the 17 point Trapezium rule integration method, and 
the approximation 
twb = constant = 54°F 
are used when calculating the expected operating cost in each year of 
simulated tower operation. Examination of the results of these 
simulations (Chapter 6) shows the above approximation to give results 
very close to those achieved with Trapezium rule integration. 
4.3 Optimisation criterion 
Having found the expected cost in each year of tower 
operation the LTNACOST, or uniform annual equivalent cost (40) of a tower 
design is evaluated. UNACOST is the criterion by which an optimum tower 
design is chosen (Chapter 5), and is the cost which, if incurred equally 
in each year, would give the same present value for costs as the costs 
actually incurred (including any due to inadequate capacity). 
In order to make the analysis as realistic as possible the 
effects of taxation and investment allowances are taken into account 
(Appendix F). The actual operating cost expected in each year E(Cn) then 
becomes the effective operating cost E(Ctj, n) once 
taxation and allowances 
have been accounted for. 
The UNACOST of a tower design over M years is then given 
by (Appendix F) 
M 
UNACOSTM - PVCM/ 
1 
(l+r)n 
n-i 
(4-34) 
where, 
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PVCM = present value of costs 
mE (C 
=I+1 
t'n (4-35) 
t 
n=1 (1+r) 
It = capital investment 
r= discount rate 
4.4 Sample size 
Each simulation of tower operation provides a different value 
for the UNACOST. Repeated simulation enables the mean and variance 
of the UNACOST to be estimated from (51) 
NS 
estimated mean UNACOST, ue = UNACOST (4-36) 
i=1 
NS 
NS 
estimated variance, vet = (UNACOSTi - e2 
(4-37) 
i-1 
NS-1 
where NS is the number of simulations. 
The number of simulations required depends on the accuracy with 
which it is desired to estimate the mean UNACOST. This will depend on 
the variance which, it will be seen, decreases as the sample size increases. 
The question of the accuracy desired, and hence the sample size, is 
discussed in Chapter S. 
4.5 Random number generation 
When simulating uncertain variables pseudo-random numbers in the 
range 0-1 are generated by a standard computer procedure. At the start 
of the sequence of NS simulations of a tower design this procedure is 
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"seeded" with a particular initial value. By "seeding" with the same 
number the same sequence of random numbers is generated for every design. 
The advantages of this are two-fold. 
First, by using pseudo-random numbers the sequence of 
which is determined by the initial value, it is possible to reproduce 
the results of simulations. This is useful when checking and correlating 
these results. 
Secondly, by using the same sequence of random numbers for the 
simulation of different designs a positive correlation is introduced 
between these designs. Handscomb and Hammersley (52) point out that when 
comparing the outcomes of similar processes differing in minor details 
only, the variance of the difference between them is greatly reduced if the 
two processes can be positively correlated. This is because if a 
particular sequence of random numbers Ri produces a value for the estimated 
mean UNACOST of one design Ul e 
which is above its true mean, then that 
of a second design U2, e will also 
be above its true mean. The variance 
of the difference between these designs (U 1, e - 
U2, 
e 
) is therefore reduced 
(52,68), making it easier to distinguish between them. 
This reduction in variance is illustrated in Figure 4.11 which 
shows 20 simulated values of the UNACOST (before tax) over 20 years for 
two tower designs. It can be seen that where the same sequence of 
random numbers is used for both designs there is a strong correlation 
between individual UNACOST20 values, and only a small variance in the 
difference between the two designs. Where the sequence of random 
numbers is uncorrelated the variance in the difference between the two 
designs is very much greater. Examination of the results illustrated 
in Figure 4.11 shows the reduction in variance due to using the same sequence 
of random numbers to be some 15-fold. 
- 85 - 
v 
u 
v N 
a 
0 
4+ v 
ro. 
m 
0 CV 
In 
0 
In 
w U 
G 
CD 
CT' 
41 
N 
N 
I 
'd 
4! 
ro 
0 
r-4 
41 
MI 
41 
N 
O 
a 
IV 
N 
V 
W 
O 
41 
W 
W 
W 
.4 
sr 
w 
0 
(v, OTX3) ' (XV'4 exo; eq) 
OZI. 
SOOKN[1 
m 
9-4 
- 86 - 
4.6 Variance reduction (Antithetic Variates) 
The Control Variate (52) method of variance reduction, 
using the same sequence of random numbers in the simulation of 
different designs, is of benefit in reducing the variance between 
different mean UNACOST's. To reduce the variance of the estimated 
mean UNACOST of a single tower design the method of Antithetic Variates 
is used. 
In this method a single simulated value of the UNACOST for 
a particular design is taken to be the average of two negatively 
correlated simulations. Negative correlation is introduced by 
simulating the operation of a tower first with a sequence of uniform 
random numbers Ri, and then with the sequence 1-Ri. If the simulated 
UNACOST for the two runs are Ul'i and U2,1' then the average 
u= 
U1'i 
2 
U2'i 
(4-38) 
a, i 
is taken as the sample value of the LIIACOST. 
Tocher (68) points out that, in general, if U is an unknown 
variable whose value is estimated using a sequence of uniform random 
numbers, then if 
U1, i 
is an estimate using a sequence Ri 
U2i is an estimate using a sequence 1-Ri 
the average 
U 
U+ U2,1 
a, i 
a2 (4-39) 
is a better estimate of the mean. It will have a variance less than 
half that of each individual sample since, if the samples U l, i 
have 
values which are on average above the true mean, the samples U2, i will 
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have values on average below the true mean. The mean of the two 
samples will therefore be closer to the true mean than either sample 
individually. 
Perfect negative correlation between samples Ul'i and 
U2 2,1 would give an average whose variance 
is zero. In practice, 
where pseudo-random1are used, each simulation run may involve a different 
total of random numbers which will weaken the negative correlation (68), 
as will the presence of non-symmetric probability distributions. 
An illustration of the effect of using negatively correlated 
random number sequences when simulating tower operation is seen in Figure 4.12. 
In Figure 4.12(a) the simulated variation in demand over 
20 years is shown for two simulations of a tower design. The negative 
correlation between the two simulations is clearly shown. The simulated 
demand can be seen to be nearly mirror images reflected across the curve of 
the expected demand. The negative correlation is not perfect for the 
reasons discussed above. In particular, the log-normal distribution of 
the demand results in a loss of symmetry about the expected demand. 
Figure 4.12(b) shows 20 simulated UNACOST20 values for two 
simulations of the same tower design. Once again the negative correlation 
can be seen, but it can also be seen that it is far from perfect. In 
addition it can be seen that the variance in the average UNACOST is 
much less than that of the individually simulated values. 
Examination of the results illustrated in Figure 4.12(b) 
shows the reduction in variance to be more than 3-fold. This compares 
favourably with the alternative method of variance reduction - that of 
increasing the sample size. 
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Where a variable U with a mean N and variance a2 is sampled 
NS times the variance in the estimated mean 
NS Ui 
Pe =N (4-40) 
i=1 S 
2 
is N (52). To achieve a 3-fold reduction in variance by increasing 
S 
the sample size alone requires a 3-fold increase in NS. By using the 
method of Antithetic Variates this reduction is achieved with only a 
doubling of the sample size. The advantage of this method is therefore 
that it requires 
1/3 less computing time to reduce the variance to any 
given value than the alternative method of increasing sample size. 
4.7 Computer program 
The flowsheet of a computer program by which simulations of 
tower operation under uncertainty may be carried out, and a program 
listing, are presented in Appendix J. 
In this program triangularly distributed variables (capital 
investment, volume transfer coefficient, maintenance cost, cost of 
inadequate capacity) are simulated by using the FORTRAN segment 
illustrated in Figure 4.5. Packing life is simulated by means of the 
FORTRAN segment described in Figure 4.6. 
Demand is forecast as described in this chapter and in 
Appendix G. Demand uncertainty is simulated by means of the FORTRAN 
segment illustrated in Figure 4.7. 
Wet-bulb temperature variation is simulated either by means 
of the approximation twb = 54°F, or else by the 17 point Trapezium 
rule integration method described in this chapter. 
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Operating water and air rates are evaluated by means of the 
model developed in Chapter 3. A flowsheet and program listing for this 
model are also presented in Appendix J. 
The determination of the capital expenses required for a 
particular design, the calculation of the operating cost for a given 
water and air rate, the amending of these costs to allow for taxation 
and investment allowances, and the calculation of the optimisation 
criterion, UNACOST, are all described in Appendix F. 
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5. Optimisation 
5.1 Expected UNACOST 
The UNACOST of a design is the uniform annual equivalent 
cost (40) - that is, the cost which if incurred equally in each year 
of tower operation gives a net present value of costs equal to the 
net present value of costs actually incurred (Appendix F). It is 
chosen because it is a discounted cashflow technique. Such DCF 
techniques are felt to be superior to other project appraisal methods 
such as payback period or annual rate of return (50). UNACOST is 
employed in preference to net present value (NPV), to which it is 
equivalent, for two reasons. First because it is akin to the average 
costs actually incurred in each year of tower operation and second 
because it enables comparisons between designs to be made over different 
time periods. It is felt, furthermore, that because UNACOST is akin to 
the average annual costs actually incurred it makes is easier to make 
comparisons between different designs. 
The advantage of using a minimum cost optimisation criterion 
is that it avoids the use of an arbitrary transfer price for cooling 
water (55). Such a transfer price is required for criteria involving 
measures of profitability - for instance internal rate of return. 
5.2 Search method 
The optimum cooling tower design is found by plotting expected 
IJNACOST contours on a grid of packing heights and areas (Figure 5.1) and 
inspecting the resulting map to find the minimum expected UNACOST. 
Contours are drawn by evaluating the expected UNACOST of tower designs 
with heights and areas at discrete intervals, shown as the nodes in 
Figure 5.1. 
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This preplanned search procedure is chosen because 
a) it is simple, and therefore easy to program. 
b) it enables expected UNACOST contours to be plotted. 
Without prior information on the shape of these contours it is 
difficult to decide which of the common numerical search techniques (10) 
is best suited to this problem. Once the contour shapes are known, 
however, an appropriate technique may be chosen for subsequent attacks 
on the optimisation problem, depending for instance on whether the 
contours are well-behaved or not, correspond to a quadratic function, or 
possess ridges. 
c) more information is available than with more sophisticated 
search techniques. While these techniques may be more efficient at 
finding the optimum they give less information with which different 
designs may be compared and any trends discovered. 
A further reason for choosing this simple search procedure is 
that the statistical nature of the objective function may make the results 
of conventional search procedures uncertain. Such procedures commonly 
operate by comparing. the objective function at a number of points and 
then. choosing an appropriate search direction. Because of the variance 
present in estimates of the expected UNACOST of tower designs, however, 
two designs A and B which appear to be such that 
Ue, A < ue, B 
(5-1) 
have a certain probability of being such that 
Ue,, A_> Ue, B 
(5-2) 
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The efficacy and accuracy of conventional search procedures will 
depend on how they respond to such situations. 
A means of obviating this difficulty discussed by a number 
of authors is the use of a utility function (22,24,59,65,75). Such 
a function 
Uf af (u, Q2) (5-3) 
incorporates both the mean and variance of the objective function in a 
new function Uf to be optimised. This new function has no variance and 
may therefore be readily optimised by conventional search procedures (75). 
The major disadvantage of employing a utility function is that 
it may only be found exactly when the mean and variance of the original 
objective function is exactly known. This will be the case when the 
mean and variances of the variables from which the objective function 
is found are known, and when the relationships between these variables 
and the objective function are such that the probability laws may be 
applied to find the objective function mean and variance. 
As has been pointed out already, most chemical process 
optimisation problems are too complex for this to be true, hence the 
use of Monte Carlo simulation. With Monte Carlo simulation, however, 
the variance is itself an estimate of the true variance, -and hence 
inexact. A utility function will itself have a variance, therefore, and 
its optimisation will suffer from the same difficulties as that of the 
original objective function. 
Another disadvantage of employing a utility function is that its 
form depends on the risk (variance) aversion of the appraiser of the process. 
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As Hertz (30) points out, process appraisers have different aversions 
to risk. Defining the form of a utility function therefore requires an 
assumption to be made regarding this risk aversion. With the simple 
search procedure used here, however, no such assumption need be made 
since both the mean and variance may be presented for each of the 
designs simulated. In this way sufficient information is made available 
to choose an optimum design whatever the risk aversion of the appraiser. 
5.3 Accuracy (sample size) 
The accuracy with which the minimum expected UNACOST may be 
found depends on the accuracy with which the expected UNACOST of 
individual designs is found. This is chosen to be such that the expected 
UNACOST of each tower design has a confidence interval of 5% 
i. e. 
0.95V <_ ue S 1.051A, 
u= true mean 
(5-4) 
ue = estimated mean 
at the 95% confidence level. ' This is felt to be not unreasonable in the 
chemical industry. 
5.3.1 Test of accuracy 
To ensure that the required accuracy has been achieved the 
expected UNACOST of each design is checked by means of the t-test. For 
a 5% confidence interval the t-test is 
0.05 ue 
ae <t 
(5-5) 
where t depends on NS (71). 
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Strictly the t-test may only be applied where the distribution 
being tested is normal. Figure 5.2 presents the results of 100 
simulations of a single design in the form of a frequency histogram 
of UNACOST20. For comparison the histograms of 
i) a normal distribution with the same mean and variance 
and ii) the frequency distribution of log(UNACOST20) 
are also illustrated. 
From Figure 5.2 it appears that the distribution of UNACOST is 
neither normal nor log-normal, but is instead right-skewed. This is 
confirmed by the failure at the 95% confidence level of 
X 
tests (71) for 
normality applied to both the UNACOST20 and log(UNACOST20) distributions. 
Fortunately, however, the t-test is a robust test of 
significance and the distribution of UNACOST illustrated in Figure 5.2 is 
sufficiently nearly normal for its use to be valid (2). 
5.3.2 Sample size 
The actual sample size required when simulating a tower design 
is found from the equation 
0.05 ue" 4 
at 
(5-6) 
e 
which is rewritten 
t. c 
Ns s(0.05 e2 (5-7) 
e 
The results of an exploratory simulation of a single design 
are presented in Table 5.1. The Antithetic Variate method of variance 
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Table 5.1 Estimating sample size 
Tower design 
Packing height = 10 ft 
Packing area = 1000 ft2 
Simulation results 
Sample UNACOST20, £x 10 
4 
RUN 1 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
0.6654 
0.8562 
0.8937 
0.8003 
0.8690 
0.6876 
0.6245 
0.8983 
1.3690 
0.6834 
0.7272 
0.9777 
0.8443 
0.8399 
1.0690 
0.950Ö 
0.8335 
0.7986 
0.9105 
0.8331 
RUN 2 
1.4880 
0.7784 
0.7351 
0.8459 
0.7896 
1.2670 
1.5100 
0.7307 
0.7007 
1.0500 
0.8101 
0.7702 
0.7958 
0.8561 
0.6678 
0.6594 
0.8840 
0.7385 
0.8556 
0.7847 
Average 
1.0767 
0.8173 
0.8144 
0.8227 
0.8293 
0.9773 
1.0673 
0.8145 
1.0349 
0.8667 
0.7687 
0.8740 
0.8201 
0.8480 
0.8684 
0.8047 
0.8588 
0.7686 
0.8831 
0.8089 
17.4244 
(UNACOST20 - ue) 
2 
£x108 
. 04223 
. 00291 
. 00323 
. 00235 
. 00176 
. 01126 
. 03846 
. 00321 
. 02680 
. 00002 
. 01051 
. 00001 
. 00261 
. 00054 
. 00001 
. 00442 
. 00015 
. 01053 
. 00014 
. 00388 
I- 
. 16503 
Mean, Pe = 17.4244/20 = £0.8712 x 104 
Standard error, oe = X503/19 = £0.0932 x 104 
Sample size estimate 
i) Assume NS >_ 30 :. t = 1.96 
NS ( 0.0932 x 104. t. 
4)2= 17.6 0.05.0.8712 x 10 
ii) Assume NS = 20 (19 degrees of freedom) .. t-2.09 
NS 0.0932 x 104. t 
4 ý2 20.02 0.05.0.8712 x 10 
- 99 - 
reduction was employed in this simulation. The results illusatrated 
indicate 20 paired simulations to be required to achieve the desired 
accuracy. 
Initially, therefore, all designs are simulated with 
NS = 20. In this way full advantage is taken of the control 
variate method of reducing variance between different designs. 
From this initial sample the mean and variance of each 
design is evaluated, 
20 
1 UNACOSTj 
i=1 
ue a 20 (5-8) 
20 
(UNACOSTi - ße)2 L 
i=1 
°e2 19 
(5-9) 
Subsequently the sample size required is found from Equation (5-7). 
For those designs where NS > 20 additional simulations are 
then conducted until the desired sample size, and hence accuracy, is 
achieved. 
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6. Results and discussion 
Three sets of results are presented. 
The first consists of the results of simulations of tower 
operation over a relatively short period of 5 years, both in the presence 
of uncertainty and in its assumed absence. In these latter simulations 
all variables have fixed, known, values. In addition results are 
presented of simulations of tower operation in the absence of uncertainty 
but with an increased discount rate employed. 
This initial set of results enables 
i) the optimum design in the presence of uncertainty to be 
found over a short period 
ii) the effect of uncertainty to be assessed over this period 
by comparing the optimum found in its presence with the optimum design found 
in its absence 
iii) a comparison to be made of the effectiveness of employing an 
increased discount rate as opposed to considering uncertainty explicitly. 
The second set of results is similar to the first, but has the 
period of simulation extended to 20 years. From these results, as 
in the case of simulation over 5 years, an optimum design in the presence 
of uncertainty can be found, and the effect of uncertainty on the choice 
of an optimum design assessed. The effect of employing an increased 
discount rate can also be assessed. 
By comparing the results of simulations over 20 years with 
those over 5 years the effect of uncertainty over longer periods of 
time on the choice of an optimum design may be seen. 
The third, and final, set of results consists of sensitivity 
analyses of uncertain variables. These enable those variables whose 
uncertainty has the greatest influence on tower design to be identified. 
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6.1 Simulation over 5 years 
6.1.1 Deterministic simulation, discount rate = 0.08, t- = 54°F 
The results of deterministic simulations of tower designs over 
5 years are presented in Table 6.1. The discount rate when evaluating 
UNACOST5 is taken as 0.08, corresponding to the cost of capital to 
British industry during the 1950's (47). 
By deterministic is meant that all variables are assumed to 
have their anticipated (mean or mode, as appropriate) values in each 
simulation. Based on the results discussed in Chapter 4 the wet-bulb 
temperature is assumed constant at 54°F. 
A feature of these simulations is that, because of the absence 
of uncertainty, there is no variance in the UNACOSTS. A single 
simulation is therefore all that is necessary. 
Examination of Table 6.1 shows there to be three optima, 
namely 
i) A=400 Z=16 
ii) A= 400 Z= 17 
iii) A- 500 Z= 12, 
corresponding to a minimum UNACOST5 of £7520. The results appear also 
to indicate that the objective function (UNACOST5) varies only slowly 
with tower height around the optima, but more rapidly with tower area. 
The nature of the objective function in the search region is 
best shown by plotting UNACOST5 contours against tower height and area. 
The resulting map is illustrated in Figure 6.1. Also shown are 
the optimum designs found in Table 6.1, and the optimum estimated 
graphically from the position of the UNACOST5 contours. Note that 
the graphical optimum lies approximately on a straight line connecting 
the tabulated optima. 
0 
U) 
11 
C 
t 
l 
J 
- 102 - 
0 0 0 0 0 0 
0 01 co C'q 0) rn 
0 
m 
, -i % In % . to N to rn CA 0 
N 
0 0 0 0 0 0 0 
M C 
CD Q1 u1 to M (1 in r-I 
CO N N CO CO 0) 0 
T N Ch W 0) tl1 
r- ci { . . . . . . 
D1 N N co to (A 01 
i n 0 0 0 
y n N N u i 
110 0) U N r-4 %D N r 
o1 1- r- co to 0 01 
0 0 0 0 0 0 
i in n in 
in y n 
0 
u i 
0 N N to Co CA Olt 
lo o (300 Lon o 8 N ° 8 ion Ir v %D r - W in rn 1r 0 Ir o, in 0 
r-I N N N CO co 01 C1 0 '-I 
o o 0 0 0 0 0 0 0 0 Ln to IT %D 00 V) %D ai C%4 
M N CO in OD N N N N N CD 
C N N N CO 00 O. ' O. ' O 0 
4 
om' 
O 
N to 
\C 
4 
COD 
N N 
CD 
N 
V 
Ol N In N r4 l0 0 lt1 0 ßf) 
M CD N N U) CO O. ' 0) 0 0 
- rl , -1 
O 0 0 
CD 01 No N ý Q co 1d Ui 
r-1 N N in N V d' C% M CD M 
: 
in CD r r 00 0 Ca C1 01 0 
r-1 r-4 
0 0 0 0 '' o N 
'. O o w 0 t0 to N t0 01 m S N %D . -4 
ý0 rn N N N Co OD oº 0 0 
r-I 
0 N M 8 
ON r-I ' 0 0 %D Q1 N %D 0 eN M 
OD N N OD co 01 ON C1 
o O g 0 O O 
CD CD 0 . -I CD N %0 
co I, - N to U) to 01 0 
g 
M 
0 0 
M 
N 
o CD 
0 8 M l0 
M Oº 
0 0 
%0 t0 ' 
. -1 CO 
In . 
N N 
N 8 8 g S 
r-I 0-4 
- 103 - 
z 
w 
N 
4J 
4 
bl 
., 1 G1 
N 
N 
N 
4-I 
d 
8 
rd 0 Ss 
. 14 
41 41 aa oo 
G) 4J 0 
td ý. I 
a 
41 ON 
40 
§8 0ggg 
w 0 1-4 qo (V 
N1 
II 
0 
N 
41 
Oý C 
r1 0 
O 
II 
4J 
41 
r 
"1 41 
0 0 
U 
U) 
tn 
iU 
4) 
N 
M 4J 4) 
CV 
r-1 Ei 
En 
0 
rn w 
m 
N 
88 
- 104 - 
A number of significant features can be seen in Figure 6.1. 
First, the contours are nearly elliptical. This indicates 
that the objective function is approximately quadratic, and hence that an 
appropriate search procedure for the optimum will be one which is most 
efficient at dealing with quadratic functions. Examples of such search 
procedures are those due to Powell and to Rosenbrock (10). Other direct 
search methods which could be employed are the Hooke-Jeeves method, which 
works well on well-behaved, smooth functions, and the Sequential Simplex 
method modified to overcome its disadvantage of lacking any form of 
acceleration. This is a problem in flatter contour regions such as appear 
near the optimum in Figure 6.1. 
A second feature of Figure 6.1 is that the UNACOST5 contours are 
not symmetrically distributed round the optimum. Instead these contours 
are much closer together for tower areas below the optimum than for tower 
areas above the optimum. There is also some indication that for tower 
heights below the optimum the UNACOST contours get closer as the height is 
5 
reduced. It appears therefore that, for towers with heights and areas 
which are less than optimum, UNACCST5 increases more rapidly than for 
towers with dimensions greater than the optimum. The cost of under- 
design is greater than the cost of over-design. 
This imbalance in the penalties for under- and over-design 
of a cooling tower is significant in two ways. First, as can be seen 
from Figure 6.1 it results in a region of tower designs to be avoided 
since, in this region, the costs of tower operation increase rapidly with 
departures from the optimum. Secondly, because the optimum design lies 
close to this region, it means that for towers designed in the assumed 
absence of uncertainty it is better to err on the side of over-design. 
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A further feature of Figure 6.1 is that, as the results in 
Table 6.1 indicate, the UNACOST5 contours appear to be arranged such 
that they are much shallower with respect to changes in tower height 
than with respect to changes in tower area. This is due to the 
different scales employed for the two axes. 
Some idea of the shallowness of the contours can be gauged 
by finding the changes in tower height and area required to effect a 
given change in UNACOST5. 
If the optimum design is taken as 
A= 455 ft2 Z= 14.0 
i. e. {455,14.0) 
and the minimum UNACOST5 as approximately £7500 then, to produce an 
increase in UNACOST5 to £7600, which is an increase of -1.3%, requires 
i) the height, Z, to change (at 
(16.7') a( +19% ) 
constant area) to( 
or ) change 
(11.91) of ( -15% ) 
ii) the area, A, to change (at (515 ft2) a (+13%) 
constant height) to ( or 2) change () (415 ft ) of (-9% 
0 
It appears, therefore, that the cost of a tower is more sensitive 
to changes in packing area than to changes in packing height. It also appears 
that near the optimum a degree of latitude is possible in the design which 
does not increase costs greatly. Further from the optimum, however, 
although increases in tower dimensions have relatively little effect on the 
UNACOST5, decreases in height and area become increasingly significant. 
As regards the optimum design itself, which is taken as 
{455,14.0), this corresponds quite well with the findings of Carey and 
Williamson (47) that in practical situations, for a wide range of cooling 
duties, optimal packing heights lie in the range 9-13'. 
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6.1.2 Deterministic simulation, discount rate = 0.08,17 point 
Trapezium rule 
The assumption in 6.1.1 that the wet-bulb temperature can 
be assumed constant at 54OF is inaccurate. The error introduced by 
this assumption is shown by comparing the results in 6.1.1 with the 
results of deterministic simulations conducted using the 17 point 
Trapezium rule integration method of simulating wet-bulb temperature 
variation (Chapter 4). This gives a more accurate representation of 
the effect of wet-bulb temperature variation. The results of such 
simulations are tabulated in Table 6.2, and illustrated in Figure 6.2. 
To make the comparison between Figures 6.1 and 6.2 easier these 
figures are also plotted on transparencies, which can be super-imposed. 
These transparencies can be found in the folders at the back of this 
thesis. 
Comparing Figures 6.1 and 6.2, and examining Table 6.2, it 
can be seen that for cooling tower designs which are greater than the 
optimum the agreement between the two simulation methods is not exact, 
but improves with increasing tower size. For some designs the agreement 
is perfect. However for designs smaller than the optimum, that is 
designs in the critical region where UNACOST5 increases rapidly with 
decreasing tower size, the agreement becomes increasingly poor as the 
tower size is reduced. 
An explanation for this may be found in Figure 6.3 which 
illustrates the variation in annual (before tax) operating cost with 
wet-bulb temperature for different tower designs. 
In Chapter 4 it was shown that the equivalent wet-bulb 
temperature, that is the wet-bulb temperature at which the annual 
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operating cost equals the expected annual operating cost, lies in the 
range 48° - 55°F. Where the change in operating cost with wet-bulb 
is slight in the range 480 - 55°F, as in curve D, then any error in 
estimating the equivalent wet-bulb temperature will also be slight. 
It can be seen that this is the case where the tower size is greatest 
with respect to the cooling water demand. 
On the other hand where the annual operating cost varies 
significantly with wet-bulb temperature in the range 48°F - 55°F then 
errors in estimating the equivalent wet-bulb temperature will be 
significant. From Figure 6.3 it can be seen that, for any given 
cooling water demand, such an error is more likely as towedc size decreases. 
Returning to Figure 6.2 it can be seen that near the optimum 
itself the agreement between the different simulation methods is quite 
close, though not exact. For instance, the tabulated optimum in 
Table 6.2, {500,13}, corresponds well to the tabulated optimum, {500,12} 
in Table 6.1. Equally, the graphical optima in Figure 6.2 {475,13.3}, 
and Figure 6.1 {455,14.0} do not differ greatly. Furthermore, if Figures 
6.1 and 6.2 are superimposed it can be seen that the graphical optimum 
for simulations using the assumption twb - 54°F corresponds to a 
UNACOST5 very nearly equal to that of the minimum UNACOST5 contour in 
Figure 6.2. 
It appears therefore that the optimum design is such that only 
small errors are introduced by the assumption that 
twb - const. s 549F 
when it is considered that this assumption results in a 17-fold reduction 
in the labour of calculation, the agreement between the two simulation 
methods may be considered most fortunate. 
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6.1.3 Deterministic simulation, discount rate = 0.20, t__, ý = 
54°F 
wu 
In order to assess the effect of using an increased discount 
rate as a means of accounting for uncertainty the simulations in 6.1.1 
are repeated with a discount rate of 0.20. The results of these 
simulations (Table 6.3) are illustrated in Figure 6.4. 
Comparing Figures 6.4 and 6.1 it can be seen that they are 
similar. Not only are the UNACOST5 contours similar in shape and 
location in the two figures, the tabulated optimum in Figure 6.4, 
{400,16}, corresponds exactly to one of the tabulated optima in 
Figure 6.1. 
The major difference in the results of the two simulations 
is in the value of the UNACOST5 which, as might be expected, is greater 
for the higher discount zate. In addition there appears to be some 
indication of a smaller optimum design when the higher discount rate 
is used, but any difference is slight. 
In general, therefore, the use of a greater discount rate 
does not appear to alter significantly the choice of an optimum design. 
6.1.4 Stochastic simulation, discount rate a 0.08,17 point 
Trapezium rule 
The results of stochastic (Monte Carlo) simulations of tower 
operation are tabulated in Tables 6.4 and 6.5. In these simulations 
the discount rate is taken as 0.08 and the effect of wet-bulb temperature 
variation evaluated annually using the 17 point Trapezium rule integration 
method. 
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Table 6.4 gives the mean UNACOST5 and the variance for each 
design found using a sample size of 20 simulations. If the t-test is 
applied to these results it is found that for designs marked * a"sample 
size of 20 is not sufficient to estimate the mean UNACOST5 with the 
desired accuracy. For these designs additional simulations are required, 
the modified sample size being also shown in Table 6.4. 
Table 6.5 shows the adjusted mean UNACOST5's resulting from 
such additional simulations, the adjusted sample size and, for 
comparison, the original mean UNACOST5's. It can be seen from Tables 6.4 
and 6.5 that the optimum {500,14} is unaffected by these modifications. 
Comparison of the optimum found using stochastic simulation with 
the optima found from deterministic simulations is difficult since they 
differ in both height and area. 
Simulation Optimum Minimum 
UNACOST5 
i) {400,16} 
Deterministic, discount rate = 0.08, ii) {400,17} 7,520 
tWb = 54°F 
iii) {500,12} 
Deterministic, discount rate - 0.20, 
= 54°F {400,16} 8,630 twb 
Stochastic, discount rate = 0.08, 
17 point Trapezium rule {500,14} 7635 < 7932 < 8329 
Note that the stochastic minimum UNACOST5 has a confidence interval of 5% 
at the 95% confidence level. In addition care must be taken not to 
place too great a reliance on the stochastic optimum because of its 
variance. It can be seen, however, that at the 95% confidence level the 
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minimum stochastic UNACOST5 is intermediate to the deterministic 
minimum UNACOST5's. 
A better illustration of the differences between the results 
of stochastic and deterministic simulations is afforded by comparing 
Figure 6.5, which plots the UNACOST5 contours from Table 6.4, with 
Figures 6.4 and 6.1. The results from Table 6.4 are used in preference 
to those from Table 6.5 for reasons illustrated by Figure 6.6. This 
plots UNACOST5 values from Tables 6.4 and 6.5 at constant area for 
different tower heights. Also plotted are the equivalent stochastic 
UNACOST20 values (Section 6.2.4, Tables 6.11 and 6.12). It can be seen 
that whereas all the results from Table 6.4 (and Table 6.11) fall on a 
smooth curve, the results from Table 6.5 (and Table 6.12) do not. The 
effect is slight over a simulation period of 5 years but over 20 years is 
much more significant. The reason for this effect is related to the use 
discussed in Chapter 4 of pseudo-random numbers as a variance reducing 
technique. By using the same sample size when simulating each design 
approximately the same random number sequence is employed, thereby greatly 
reducing the variance between different designs. Increasing the sample 
size destroys this by extending the random number sequence, hence 
producing a greater variance between designs. 
Returning to Figure 6.5 it should, once again, be borne in mind 
that care must be taken when interpreting the results shown. Certain 
general conclusions can be drawn however. 
First it can be seen that the shape of the UNACOST5 contours is 
similar to that for deterministic simulations, and that the optimum design 
is close to a region of rapidly increasing UNACOST5. 
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Second, if Figure 6.5 is compared with Figures 6.4 and 6.1 it 
can be seen that the stochastic optimum is greater than either deterministic 
optima. This difference, though not great, is more marked when comparing 
Figures 6.5 and 6.4. 
Third, the value of the minimum UNACOST5 contour for the 
stochastic simulation bears out the inference from the tabulated results 
that the stochastic minimum UNACOST5 is intermediate to the deterministic 
minimum values. The stochastic minimum cost contour value is £8000 and 
can vary by ±5% at the 95% confidence level i. e. between £7,600 and 
£8,400. At the lower value of £7,600 it exceeds the minimum i7NACOST5 
contour value of £7,500 in Figure 6.1, while at the upper value of £8,400 
it is less than the minimum cost contour value of £8,700 in Figure 6.4. 
Finally, if Figure 6.5 is superimposed on Figures 6.4 and 6.1 then 
the optimum deterministic designs (tabulated and graphical) in Figures 6.4 
and 6.1 can be seen to lie no further from the optimum than the £8,100 
contour i. e. within £200 (2.5%) of the minimum UNACOST5. 
Over a period of 5 years, therefore, it appears that considering 
uncertainty explicitly leads to the choice of an optimum tower design 
somewhat greater than would be chosen either in the assumed absence of 
uncertainty or when taking account of uncertainty by means of an 
increased discount rate. This contrasts with the use of an increased 
discount rate which appears to lead to the choice of an optimum 
design somewhat smaller than would be chosen in the absence of 
uncertainty. It further appears that the minimum UNACOST5 to be 
expected from this optimum is somewhat greater than would be expected 
in the absence of uncertainty but somewhat less than would be expected 
using an increased discount rate, and that the error introduced by 
not considering uncertainty explicitly is slight. 
- 121 - 
6.1.5 Stochastic simulation, discount rate 0.08, t-b = 54°F 
In Section 6.1.2 the accuracy of the assumption twb = constant 
= 54°F was examined for the deterministic simulation of tower operation. 
In this section the accuracy of this assumption is examined for a 
stochastic simulation. 
The results of simulations employing this assumption appear 
in Tables 6.6 and 6.7 and in Figure 6.7. These correspond to Tables 6.4 
and 6.5 and Figure 6.5 for the simulations described earlier in 
Section 6.1.4 which employed 17 point Trapezium rule integration. 
If Tables 6.6 and 6.7 are compared with Tables 6.4 and 6.5 it 
can be seen that the optimum {500,14} is the same in each case. This 
is particularly valuable in the case of stochastic simulations where 
40 (20 x 2) individual simulations are required for each design. This 
compares with the single simulation required for deterministic simulations. 
The major difference between Tables 6.6 and 6.7 and Tables 6.4 and 
6.5 is in the number of designs requiring additional simulations over 
and above the original 20. This appears to be due to the higher variances 
and mean UNACOST5's found for the smaller tower designs using the assumption 
twb = 54°F. Otherwise the results correspond to the situation found in 
the case of deterministic simulations where the agreement between 
simulations conducted using 17 point Trapezium rule integration and those 
conducted assuming twb = 54°F becomes poorer as the tower size is reduced. 
If Figures 6.5 and 6.7 are compared then this change in 
the agreement between the two simulation methods can be seen. It can 
also be seen that the relationship between Figures 6.5 and 6.7 is the 
same as that between Figures 6.2 and 6.1 for deterministic simulations. 
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The same conclusions will apply, namely that the optimum design 
is such that the error introduced by the assumption twb = 54°F is 
slight. 
6.2 Simulation over 20 years 
In this section the results of simulations over 20 years 
are presented for comparison with those over 5 years. They are 
presented in the same order as the results in Section 6.1. 
6.2.1 Deterministic simulation, discount rate = 0.08, t 
wb 
= 54°F 
The results of deterministic simulations over 20 years with a 
discount rate of 0.08 and assuming twb = 54°F are presented in Table 6.8 
and illustrated in Figure 6.8. 
By comparing Figures 6.8 and 6.1 it can be seen that the 
UNACOST20 contours are similar in shape to the corresponding UNACOST5 
contours. That is, they are approximately elliptical in shape, they 
are closer together for designs undersized relative to the optimum, 
and in the region of the optimum they are relatively shallow - more so 
for changes in tower height than for changes in tower area. The 
conclusions to be drawn are therefore the same as for the results of 
simulations over 5 years, namely that the cost of under-design is 
greater than that of over-design, that designs less than the optimum 
should therefore be avoided, and hence that it is better to err on 
the side of over-design. 
Differences between the results over 5 and 20 years can be 
seen from a comparison of Figures 6.8 and 6.1 as arising predominantly 
in two ways. 
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The first significant difference is that over 20 years, 
although UNACOST20 contours for designs less than the optimum are closer 
together than for designs greater than the optimum, they are much shallower 
than in the case of simulations over 5 years. Consequently the inference 
from deterministic simulations is that the need to avoid the choice of less 
than optimum tower designs will be less critical for designs satisfying 
a demand over 20 years than for those satisfying a demand over 5 years. 
The reason may be that the larger designs required over 20 years, even 
when less than optimum, have a greater flexibility than the designs required 
over 5 years. 
The second, and major, difference is that the optimum design over 
20 years is much greater than the optimum for a period of 5 years. Indeed 
it is greater than any optimum, deterministic or stochastic, found over 
5 years in Section 6.1. 
Comparing the graphical optimum design over 20 years in 
Figure 6.8 {740,13.5} with that over 5 years in Figure 6.1 {455,14.0} 
shows the tower area to be 63% greater while the tower height is only 
4% less. This increase in the optimum tower size is presumably due to 
the greater demand for cooling water experienced over 20 years since 
over 5 years the demand will increase by only 22% (1.045-1) while over 
20 years it will increase by 119% (1.0420-1). 
Apart from this increase in size two other interesting features 
of the optimum over 20 years as compared with that over 5 years are that 
the minimum UNACOST20 is only slightly greater than the minimum UNACOST5, 
despite the higher cooling water demand, and that the optimum tower 
height is only slightly altered. 
- 129 - 
This latter point illustrates the findings already 
discussed of Carey and Williamson (14) that in practice optimum 
tower heights for mechanical draught towers of the type being 
considered appear to lie in a restricted range (9-13'), and hence that 
it is optimum tower areas which must be searched for, given a cooling 
duty. 
6.2.2 Deterministic simulation, discount rate = 0.08,17 point 
Trapezium rule 
In Sections 6.1.1 and 6.1.2 it was shown that for 
deterministic simulations over 5 years the assumption twb = 54°F 
provides a good approximation to the effect of wet-bulb temperature 
variation. The errors introduced by this assumption for simulations 
over 20 years can be seen by comparing the results in Table 6.8 and 
Figure 6.8 with those in Table 6.9 and Figure 6.9, which give the results 
of simulations conducted using 17 point Trapezium rule integration. 
From Tables 6.8 and 6.9, and Figures 6.8 and 6.9, it can be 
seen that, as for simulations over 5 years, agreement between the results 
of the two simulation methods is good though not exact for designs greater 
than the optimum and improves with tower size. For designs less than 
the optimum agreement is less good and becomes progressively worse with 
decreasing tower size. In 6.1.2 an explanation has been suggested 
for this. 
At the optimum the agreement between simulation methods can 
be seen, again as in the case of simulation over 5 years, to be good. 
The tabulated optimum of {700,15} in Table 6.9 agrees exactly with one 
of the optima in Table 6.8, and it can be seen that the agreement is 
good between Figures 6.8 and 6.9 regarding the region of the optimum 
design. 
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The conclusion therefore is the same as that reached in 
6.1.2 - namely that the error in choosing an optimum design 
introduced by the assumption twb = 54°F is slight. 
6.2.3 Deterministic simulation, discount rate - 0.20, t__ - 54°F 
The effect over 20 years of taking account of uncertainty by 
means of an increased discount rate is shown by comparing Tables-6.8 and 
6.10, and Figures 6.8 and 6.10. 
In contrast to the situation over 5 years it can be seen 
from these comparisons that the optima, both tabulated and graphical, 
are significantly smaller for simulations using the higher discount 
rate. Over 5 years this difference was only suggested, and was 
certainly slight. 
Comparing the tabulated optima in Tables 6.8 and 6.10 it can 
be seen that the optimum design at the higher discount rate, {600,14}, 
is 14% smaller than that at the lower discount rate {700,14}. From 
Figures 6.8 and 6.10 it can be seen the difference between the graphical 
optimum at the higher discount rate, approximately {590,14.5} and that 
at the lower discount rate, {740,13.5} is even bigger with a 20% 
reduction in area. This is compensated to some extent by an increase 
in tower height. 
A possible explanation for the optimum design being smaller 
at the higher discount rate is that, because this higher discount rate 
discounts the future more rapidly, the demands experienced towards the 
end of the 20 year period have less significance than at the lower 
discount rate. Since, because of the increase in demand, these 
demands are also the biggest, the consequence is that at the higher 
discount rate a tower must satisfy effectively a smaller increase in demand. 
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Hence the designs required at the higher discount rate will be less 
than those required at the lower discount rate. This is clearly shown 
in Figures 6.8 and 6.10. 
If the cost in any year N is Cn then the discounted value of 
CC 
this cost will be 
n at the lower discount rate and 
n at the 
(1.08)n (1.20)n 
higher. The relative significance of this cost at the different discount 
rates will be in the ratio 
discounted cost at lower discount rate 
discounted cost at higher discount rate 
cn cn 
_ 
1.20 n 
(1.08) 
/ 
(1.20) 1.08 ) 
(6-1) 
Over 20 years this ratio can have a maximum value of 8.2 whereas over 
5 years the maximum value is only 1.7. It is clear that over 5 years 
differences in the rate at which the future is discounted by the different 
discount rates are much less than over 20 years. This will explain why 
over 5 years, in contrast to the situation over 20 years, there is little, 
if any, difference in the optimum design at the different discount rates. 
6.2.4 Stochastic simulation, discount rate - 0.08,17 point 
Trapezium rule 
If now uncertainty is considered explicitly by means of 
stochastic simulation, then the results achieved are those shown in 
Tables 6. lland 6.12 and in Figure 6.11. 
Table 6.11 corresponds to Table 6.4 (Section 6.1.4) for simulations 
over 5 years in that it gives the mean UNACOST20 's and variances for 
different designs found using a sample size of 20 simulations. Also 
shown are modified sample sizes required for those designs where 
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20 simulations are not sufficient. Table 6.12 corresponds to 
Table 6.5 and shows the adjusted mean UNACOST20's resulting from 
these additional simulations, the adjusted sample size, and the 
original mean UNACOST20 values. It can be seen from Tables 6.11 and 6.12 
that the optimum {800,15} is unaffected by these modifications. 
Comparison of the results of stochastic simulations with those 
of deterministic simulations is made by means of Figure 6.11 which plots 
the results in Table 6.11. These results are used in preference to 
those in Table 6.12 for the reason discussed earlier in Section 6.1.4 and 
illustrated in Figure 6.6. 
Comparing Figure 6.11 with Figures 6.8 and 6.10 clearly shows 
that the optimum tower design found when uncertainty is considered 
explicitly is significantly greater than that found when uncertainty 
is disregarded. This is in direct contrast to the findings in 6.2.3 
that the use of an increased discount rate to account for uncertainty 
leads to the choice of a smaller optimum than would be chosen in the 
absence of uncertainty. 
Table 6.13 illustrates these differences. In Table 6.13 the 
optimum tower areas, both tabulated and graphical, are listed for a 
tower height of 14'. This tower height is chosen from an examination 
of Figures 6.8,6.10 and 6.11, which shows the optima in these figures 
to lie close to 14'. 
From Table 6.13 it can be seen that whereas the use of 
an increased discount rate leads to the choice of a tower some 16% 
smaller than when uncertainty is ignored, the explicit acknowledgement 
of the presence of uncertainty leads to the choice of a tower 16% greater. 
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Table 6.13: Relative optimum tower areas at constant tower height 
- stochastic and deterministic 
Optimum tower area, ft2 
Absolute value Normalised value 
Simulation Tabulated Graphic Tabulated Graphic 
Deterministic, 
t= 54°F, discount 700 723 97 100 
rite = 0.08 
Deterministic, 
twb = 54°F, discount 600 605 83 84 
rate = 0.20 
Stochastic, 17 point 
Trap. rule, discount 800 840 111 116 
rate = 0.08 
Table 6.14: Relative UNACOST _ at optimum 
designs - stochastic 
and deterministic 
Tower design 
A, ft2 Z, ft 
Stochastic optimum tabulated 80o 15.0 
17 point Trap. rule, 
discount rate - 0.08 graphical - 825 14.5 
Deterministic optimum, tabulated i)700 14 
twb m 54°F, 11) 700 15 
discount rate - 0.08 graphical 740 13.5 
Deterministic optimum, tabulated 600 14 
twb - 54°F, 
discount rate - 0.20 graphical 590 14.5 
UNACOST20 (Figure 61 )),, £ 
Absolute Normalised 
8489 100 
8480 100 
8740 103 
8640 102 
8650 102 
9370 111 
9350 110 
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The effects of ignoring completely the presence of 
uncertainty, and of considering it only implicitly by means of an 
increased discount rate, may be found by plotting the respective 
optima from Figures 6.8 and 6.10 on Figure 6.11. It can be seen 
(Table 6.14) that if uncertainty is ignored then the supposed optimum 
tower design will be such as to operate at a UNACOST20 some 2-3% above 
the expected true optimum. Choosing an optimum design when allowing 
for uncertainty by using an increased discount rate leads to operation 
at a UNACOST20 some 10-11% above the expected true optimum. In the 
case considered here, therefore, the error introduced by ignoring 
uncertainty is considerably less than that introduced by considering it 
implicitly by means of an increased discount rate. An explanation for the 
latter effect has already been proposed (6.2.3). A possible explanation 
for the former effect is afforded by Figures 6.12 and 6.13. 
Figure 6.12 illustrates the increase in demand over 20 years 
for each of two simulations of a particular tower design using the 
two negatively correlated random number sequences Ri and (1-Ri). The 
simulated demands illustrated are chosen such that in one instance the 
demand increases to a maximum (simulation 1). Hence in the second instance 
the demand increases only minimally (simulation 2). 
Also plotted in Figure 6.12 are the expected growth in demand 
(at 4%) and the demand in each year as an average of the demand for each 
simulation. It can be seen that in this instance the average demand is 
significantly greater than that expected. At the end of 20 years the 
departure of the two simulated demands from the expected demand is 
approximately what would be expected from a log-normal distribution. 
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This is that, taking the logarithm of each demand in year 20, the 
difference: - 
1°g simulated 
demand 
_ log ( 
expected demand 
in year 20 in year 20 
should be the same for both simulations. Table 6.15 shows this to 
be approximately so. 
Table 6.15 Variation of simulated demand from expected 
Simulation 1 
Simulation 2 
Expected 
Demand in year 20 
4.10 x 106 lb/hr 
1.15 x 106 lb/hr 
2.11 x 106 lb/hr 
Ilog D20 1- log D20 el 
Ilog D2O, 2 log D2O, e' 
log10(demand in year 20) 
6.613=(log D20,1) 
6.061=(log D20,2) 
6.324-(log D20, 
e) 
0.289 
0.261 
Turning to Figure 6.13, however, it can be seen that the 
annual operating costs associated with the simulated demands illustrated 
in Figure 6.12 are not directly related to the increases in demand. 
Instead costs are proportionately greater when demand increases to 
maximum. 
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In Figure 6.13(a), where demand increases only minimally, 
it can be seen that the operating cost changes in each year, both before 
and after tax, closely reflect changes in the demand. The exception is 
year 15, the simulated year of termination of packing life, where there 
is a sharp increase in operating costs which corresponds to the cost of 
packing replacement. Note particularly how changes in the air rate 
reflect changes in the cooling water demand. Where there is no cost 
of inadequate capacity it is the water and air rates which are the major 
determinants of operating costs for a cooling tower (Appendix I). 
In contrast to Figure 6.13(a), in Figure 6.13(b) where the 
demand increases to a maximum it can be seen that at the highest demands 
the operating cost increases much more rapidly than would be expected from 
the increase in demand. This first becomes noticeable in about year 14, 
and becomes most noticeable, allowing for the peak which corresponds to 
packing replacement, from year 16 onwards. This latter rapid increase 
in costs corresponds to the achievement of flooding gas and liquid rates 
in the tower. Increases in demand above the flooding water rate cannot 
be satisfied, hence there is unsatisfied demand with a corresponding cost 
of inadequate capacity. This is shown by the constant water (and air) rates 
at which the tower operates above the flooding point. Since the 
penalty due to inadequate capacity is much higher than the costs associated 
with increases merely in air rate (Appendix I) the demand increases more 
rapidly. 
The rapid increases in costs for demands just prior to the 
flooding point are caused by the more rapid increase in tower pressure 
drop above the loading point where the pressure drop is proportional to 
G3.7 (Appendix D). Below the loading point the pressure drop, which 
determines the fan power requirements and hence a major part of tower 
operating costs, is proportional to G2. 
ß. 
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From Figures 6.13(a) and 6.13(b) it can be seen, 
therefore, that where demand increases to relatively high values 
there is a bias towards higher operating costs. Consequently, when 
uncertainty is considered explicitly, tower operating costs will be 
somewhat higher than those which would be expected in its absence. 
Tower designs will therefore tend, as illustrated in Figure 6.11, 
to be larger than in the absence of uncertainty since larger designs 
will be less likely to become inadequate and incur the penalties both 
of inadequate capacity and of increased pressure drop due to operation 
above the loading point. 
Note that the effect illustrated by Figures 6.13(a) and 6.13(b) 
will be modified by the discount factor applied to the costs incurred. 
Since this discount factor is greatest in later years when the bias 
towards higher operating costs is most pronounced the magnitude of the 
bias will effectively be less than might otherwise be expected. Furthermore 
it is to be expected that, should the cost of capital be increased, then, 
with the discount factor also increased, the bias illustrated in Figure 6.13 
will be yet further discounted, and that therefore the costs incurred will 
be more nearly those expected in the absence of uncertainty. Consequently 
the results of simulations which explicitly account for uncertainty will 
approach the results of deterministic simulations at a discount rate 
which reflects the cost of capital. 
Summarising the results of stochastic simulations, therefore, 
it can be said that these show the stochastic optimum design to be 
significantly larger than deterministic optima, the increase in tower 
size arising mainly from an increase in tower area. The difference 
between the stochastic optimim design and deterministic optima is more 
pronounced for deterministic simulations at the higher discount rate than 
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for those at a discount rate appropriate merely to the cost of 
UNACOST20 
capital, while the/penalty introduced by not allowing explicitly for 
uncertainty is 10-11% at the higher discount rate compared with only 
2-3% at the lower discount rate. The inference is therefore drawn that 
the use of an increased discount rate need not necessarily be an 
appropriate means of accounting for uncertainty and may in fact lead 
to the choice of designs whose performance is less good than those chosen 
by ignoring uncertainty. 
Furthermore an examination of the causes for the stochastic 
optimum design being larger than deterministic optimum designs suggests 
that the mechanism (the asymmetric distribution of uncertain future 
demands) is such that its influence is diminished the greater the cost of 
capital. Hence as the cost of capital rises the stochastic and 
deterministic optima will become more nearly the same and the use of an 
increased discount rate to account for uncertainty seems likely to be 
progressively less appropriate - an interesting result. Ultimately, 
at very high costs of capital, the future becomes discounted so rapidly 
that any future uncertainty in demand may be ignored. 
6.2.5 Stochastic simulation, discount rate - 0.08, t__b - 54°F 
As a final check on the accuracy of the assumption twb a 54°F 
the results are now presented of stochastic simulations conducted using 
this assumption. The results are tabulated in Tables 6.16 and 6.17, 
and illustrated in Figure 6.14. 
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Comparing Tables 6.16 and 6.17 with Tables 6.11 and 6.12, 
which give the results of stochastic simulations employing 17 point 
Trapezium rule integration, it can be seen that the tabulated optimum 
{800,15} is the same in each case. This, is the situation found 
previously for stochastic simulations over 5 years. However in this 
instance, unlike that for simulation over 5 years, the optimum found 
using only 20 paired simulations is different for the assumption 
tab = 54°F from that found using the integration method. It is only 
when the additional simulations required are conducted that the optimum 
using this assumption is adjusted no as to come into line with that 
found previously using the integration method. 
The major difference between Tables 6.16 and 6.17 and Tables 6.11 
and 6.12, as for stochastic simulations over 5 years, is in the number 
of designs requiring additional simulations above the original 20. 
This is due to the higher variances found for the smaller tower designs 
using the assumption twb = 540 F. For larger tower designs the 
agreement between Tables 6.16 and 6.17 and Tables 6.11 and 6.12 becomes 
increasingly good, which is in line with previous results (Sections 6.1.2, 
6.1.5,6.2.2). 
If Figures 6.14 and 6.11 are compared then this change in the 
agreement between the different simulation methods can be seen. It can 
also be seen that the agreement at the optimum is the poorest for any 
comparison between those results using twb = 54OF and those using the 
integration method. Unlike previous instances, therefore, it cannot here 
be said that the optimum is such that the error introduced by the 
assumption twb = 54O F is slight. 
No obvious reason for the poor agreement between the different 
simulation methods is apparent from the results. A possible cause 
for the poor agreement may however be the effect discussed in 6.2.4, 
namely the bias towards proportionately higher operating costs at the higher 
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levels of demand. It is clear that, given such a bias, those 
simulations in which high demands are experienced will produce higher 
operating costs, and hence higher UNACOST20's, than would otherwise be 
anticipated, and that this will therefore-tend to increase the variance 
of the results of these simulations. This would explain why the 
agreement is better for larger tower designs since, as pointed out in 
6.2.4, because larger towers operate further from their limiting 
capacities the influence of this bias decreases with tower size. 
It is unfortunate that it is in this instance that the 
agreement between the results of stochastic simulations using the two 
methods is poorest of all since it is for stochastic simulations over 
20 years that the greatest benefit in terms of reduction of simulation 
effort is to be had from the assumption twb = 54°F. Examining 
Figures 6.14 and 6.11, however, it can be seen that although the 
graphical optima {880,14.5} and {82.5,14.5) differ the optimum design 
found using the assumption twb - 54°F errs on the best (i. e. high) side, 
and that the error introduced by taking this as the optimum is, in terms 
of UNACOST2O, slight - about £50-100 or 0.6%-1.2%. 
In summary therefore it can be said that the assumption 
tvb v' 54°F introduces a slight error into stochastic simulations over 
20 years, but one significantly greater than for either stochastic 
simulations over 5 years or deterministic simulations over 5 and 20 years. 
In practical circumstances therefore a decision as to whether or not to 
use this assumption would depend on whether the cost savings in computing 
time outweigh the disadvantages of selecting a non-optimum design. 
This point is discussed further in Chapter 7. 
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6.3 Sensitivity analyses 
The results in Sections 6.1 and 6.2 illustrate the effect 
of uncertainty on the choice of an optimum design. However a drawback 
to the stochastic simulations employed is'that they do not give any 
information as to which uncertain variables contribute most to the overall 
uncertainty. To provide this information results are presented here 
of sensitivity analyses of uncertain variables. 
In practical situations such sensitivity analyses should be 
conducted before stochastic simulation. By indicating those variables 
contributing most to overall uncertainty these sensitivity analyses help 
to eliminate variables whose uncertainty is of only marginal importance. 
Computing time and effort is therefore concentrated on considering only 
the most significant variables (59). 
To illustrate the effect of changes in uncertain variables 
9 designs are chosen such that they include the optimum in the absence 
of uncertainty over 20 years (Table 6.18). These 9 designs can be seen 
in Table 6.18(a) to form a grid pattern. Each variable in turn is 
reduced by 10% from its expected value and the deterministic UNACOST5 
and UNACOST20 values evaluated for the 9 designs. By comparing these 
modified UNACOST5 and UNACOST20 values with those found previously 
(Tables 6.1 and 6.8) using expected variable values the percentage 
change in UNACOST5 and UNACOST20 values may be found. Those variables 
which cause the greatest change in UNACOST5 and UNACOST20 values may then 
be isolated. 
A grid of 9 designs is chosen in preference to a single 
design because such a grid enables not only the percentage change in 
UNACOST5 and UNACOST20 values to be found but also enables it to be seen 
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Table 6.18 Results of Sensitivity Analyses 
(lower figures are percentage change) 
UNACOST5 UNACOST20 
13 14 15 Az 
13 14 15 
600 7860 7950 8050 
700 8280 8400 8530 
800 8750 8900 9050 
600 8370 8130 7980 
700 7820 7780 7780 
800 7800 7840 7900 
a) Region of deterministic optimum 
Z 13 14 15 
A 
7480 7560 7640 
600 
-4.9 -4.9 -5.1 
7840 7950 8070 
700 
-5.3 -5.4 -5.4 
8260 8400 8530 
800 
-5.6 -5.6 -5.8 
Z 13 14 15 A 
600 8160 7920 7760 
-2.5 -2.6 -2.8 
70 0 
7580 7540 7530 
-3.1 -3.1 -3.2 
800 7540 7570 7620 
-3.4 -3.4 -3.5 
b) Capital Investment reduced 10% 
Z 13 14 15 
A A 
7970 8040 8130 600 +1.4 +1.1 +1.0 
8350 8460 8580 
700 
+0.8 +0.7 +0.6 
8800 8940 9090 
800 +0.6 +0.4 +0.4 
Z 13 14 15 
A 
600 9130 8760 8490 
+9.1 +7.7 +6.4 
700 8180 8060 8010 
+4.6 +3.6 +3.0 
800 7990 7990 8020 
+2.4 +1.9 +1.5 
c) Volume Transfer Coefficient reduced 10% 
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Table 6.18 (Continued) 
UNACOST UNACOST20 
Z 13 14 15 A 
7800 7890 7990 
000 
-0.7 -0.8 -0.8 
8220 8340 8460 700 
-0.7 -0.8 -0.8 
8680 8830 8980 800 
-0.8 -0.8 -0.8 
\I 13.1 14 
1 
15 
8290 
-1.018050 -1.017900 -1.0 
7730 
-1.2 
17690 
-1.2 
17688 
-1.2 
8001 7700 
-1.317740 -1.317800 -1.3 
dT Maintenance Cost reduced 10% 
Z 13 14 15 
A 
7860 7950 8050 600 
0.0 0.0 0.0 
8280 8400 8530 700 0.0 0.0 0.0 
8750 8900 9050 800 0.0 0.0 0.0 
Z 13 14 15 A 
8340 8120 7980 600 
-0.4 -0.1 O. 0 
700 7820 7780 7780 
0.0 0.0 0.0 
7800 7840 7900 800 
0.0 0.0 0.0 
e(i) Cost of Inadequate Capacity reduced 10% (i) 
13 14 15 
7870 7950 8050 600 
0.0 0.0 0.0 
8280 8400 8520 
700 0.0 0.0 0.0 
8750 8900. 9050 800 0.0 0.0 0.0 
Z 13 14 15 A 
600 8150 8020 7940 
-0.6 -0.4 -0.2 
7850 7820 7820 700 
-0.1 -0.1 -0.0 
800 7850 7880 7930 
-0.0 -0.0 -0.0 
e(ii) Cost of Inadequate Capacity reduced 10% (ii) 
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Table 6.18 (Concluded) 
UNACOST 
Z 13 14 15 
A 
7860 7950 8050 600 0.0 0.0 0.0 
8280 8400 8530 700 
0.0 0.0 0.0 
8750 8900 9050 800 0.0 0.0 0.0 
UNACOST2O 
Z 13 14 15 A 
8380 140 7990 600 
+0.1 +0.1 +0.1 
7830 790 7800 700 
+0.1 +0.1 +0.2 
7820 860 7920 
800 1 
+0.2 +0.2 +0.2 
f) Packing Life reduced 2 years 
Z 13 14 15 
'A 
7380 7480 7590 600 
-6.1 -5.9 -5.8 
7840 7970 8100 700 
-5.4 -5.1 -5.0 
8340 8490 8650 
800 
-4.7 -4.6 -4.5 
Z 13 14 " 15 A 
7160 7100 7070 600 
-14. -12. -11.4 
7060 7090 7130 700 
-9.7 -8.8 -8.4 
7200 
"1 
7270 7340 800 
-7.6 -7.2 -7.1 
g) Demand reduced 10% 
13 14 15 
8500 8510 8570 600 +8.1 +7.0 +6.4 
8730 8800 8910 
700 +5.4 +4.8 +4.3 
9110 9210 9350 800 
+4.0 +3.5 +3.2 
Z 13 14 15 
A 
10,410 9740 8660 600 
+24.3 +19. +8.4 
8700 8510 8480 700 
+11.2 +9. +7.9 
800 8280 . 8270 8280 
+6.1 +5. +4.9 
h) Wet Bulb Temperature increased to 60°F 
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whether there has been a shift in the optimum. Where one is 
searching for an optimum this is clearly of importance. 
Results of sensitivity analyses are presented in Tables 6.18(b) 
to (h). It can be seen that changes in packing life and wet bulb 
temperature are exceptions to the general rule of 10% reductions in 
variable values. For packing life this is because a 10% reduction 
corresponds to reducing its value by 1.5 years which is an awkward figure. 
A reduction of 2 years in packing life is therefore used instead. 
As regards wet-bulb temperature a 10% change in value is 
somewhat meaningless. Instead the effect of a change from 54°F to 
60°F is examined. This change brings it more nearly into line with 
conventional design wet-bulb temperature (28,38). 
In Tables 6.18(b) to (h) modified UNACOST5 and UNACOST20 values 
are shown together with the percentage change in their values. From 
these results it can be seen that changes in maintenance cost, in packing 
life, and in the cost of inadequate capacity have little or no effect on 
either UNACOST5 or UNACOST20 values. While this might be unsurprising 
for maintenance cost and packing life it is a rather surprising result 
for the cost of inadequate capacity. 
A possible explanation is that, where the assumption twb - 54°F 
is used, changes in the cost of inadequate capacity will not be reflected 
in changes in UNAOOST values unless at some stage towers are inadequate 
at a wet-bulb temperature of 54°F. This would explain why UNACOST20 
values are affected (albeit very slightly) by changes in the cost of 
inadequate capacity while UNACOSTS values are not (Table 6.18e(i)). 
Over 20 years demand will increase much more than over 5 years making it 
more likely that towers will become inadequate at wet-bulb temperatures 
as low as 54°F. 
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However when a more realistic test of the effect of a 10% 
change in the cost of inadequate capacity is made using the Trapezium 
rule integration method to simulate annual wet-bulb temperature variation, 
it is found that the effect of such a change is still very small. This 
is shown in Table 6.18 e(ii) in which modified UNACOSTS and UNAOOST20 
values are shown, together with their percentage change relative to the 
results of deterministic simulations using Trapezium rule integration 
(Tables 6.2 and 6.9). 
The complete explanation is perhaps that changes in the cost 
of inadequate capacity are only significant when a tower becomes inadequate. 
As has already been shown (Figures 6.1 and 6.8) the region of optimum 
design is such that the critical region of rapidly increasing costs due 
to inadequate capacity is avoided. Hence the effect of changes in this 
cost are small. One might expect, however, that for smaller designs the 
effect will increase and there is some indication of this in Table 6.18e(ii). 
Turning next to the remaining uncertain variables it can be 
seen that it is changes in volume transfer coefficient, in demand, and in 
wet-bulb temperature which produce the biggest changes in UNACOST values. 
seen 
It can be/that in addition all produce a significant shift in the choice 
of an optimum design over 20 years, and that the percentage change in 
UNACOST20 values tends to be greater than those in UNACOST5 values. The 
exception is capital investment, where a 10% reduction produces a greater 
percentage change for UNACOST5. This is because capital investment is 
a more significant part of the costs of tower operation over this 
shorter period when the increase in demand is relatively slight. 
The biggest change in UNACOST values is created by the change 
in wet-bulb temperature. This is to be expected since the wet-bulb 
temperature is the primary determinant of tower performance. The other 
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variable determining tower performance, the volume transfer 
coefficient, produces rather less of a change in UNACOST values, 
particularly UNACOSTS. This may be because the designs chosen for 
the sensitivity analysis are very much over-designs for a period of 
5 years, and hence the change that they will prove inadequate (which is 
implied by the reduction in volume transfer coefficient) is considerably 
less than for a period of 20 years. 
The change in UNACOST values produced by the reduction in 
demand can be seen also to be significant, particularly for smaller 
designs over 20 years, when the percentage change in UNACOST20 is greater 
even than the change in demand. 
In summary, therefore, it can be said that of the seven uncertain 
variables considered three (maintenance cost, packing life, cost of 
inadequate capacity) contribute only slightly to overall uncertainty, 
while of the remainder the wet-bulb temperature is most significant 
followed by demand, volume transfer coefficient, and capital investment. 
It should also be noted that these last four variables, representing the 
effect of uncertainty in capital investment, in demand, and in plant 
performance, provide a gratifying agreement with views expressed by other 
authors (45,56) regarding the major sources of uncertainty in investment 
appraisals. 
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7. Conclusions 
It has been shown how an optimum design of cooling tower 
may be chosen in the face of uncertainty using Monte Carlo simulation. 
In the first part of this thesis it is shown that this technique appears 
the most suitable for dealing with uncertainty. It has further been 
shown that realistic optimisation techniques must take note of the 
flexibility inherent in plant operation, this flexibility enabling plant 
to compensate for shortcomings in design and variations in the operating 
environment. Subsequently it has been shown that the operation of a 
cooling tower may be modelled by utilising those relationships which 
describe normal tower operation. It has also been shown that the 
presence of uncertainty restricts the freedom of the designer to specify 
variable values, and that the only variable which may be altered to 
accommodate uncertain conditions is the air rate. 
Techniques to simulate variation in uncertain variables have 
been described. In particular it has been shown how the effect of annual 
wet-bulb temperature variation may be simulated by an integration technique 
which requires the evaluation of operating conditions at relatively few 
wet-bulb temperature values. This method utilises the characteristics of 
the cumulative frequency distribution of wet-bulb temperatures, and of 
the distribution of tower operating costs relative to changes in wet-bulb 
temperature. It has also been shown that wet-bulb temperature variation 
may be simulated by the approximation that a tower operates at a constant 
wet-bulb temperature. 54OF was the appropriate temperature for the 
meteorological conditions considered here. This approximation greatly 
reduces computing time during simulations. Finally, it has been shown 
that simulations of tower operation under conditions of uncertainty may 
- 161 - 
be made more efficient by the use of variance-reducing techniques. 
In particular the advantages of using the Antithetic and Control Variate 
techniques of variance reduction have been demonstrated. 
From the results of simulations'of tower operation a number 
of conclusions may be drawn. 
The first concerns the cost of Monte Carlo simulation measured 
against the advantages of an optimum plant design. In Table 7.1(a) the 
computing costs for each of four simultions over 20 years are presented. 
The costs are those incurred to produce the results tabulated in Chapter 6 
and are shown as the actual costs in £1974, as actual costs converted to 
equivalent UNACOST20 values, and as UNACOST20 values expressed in terms of 
£1950. These latter values enable comparisons to be made between 
computing costs and the results of simulations. 
From Table 7.1(a) it can immediately be seen how very 
expensive Monte Carlo simulation is as a technique. The computing costs 
for stochastic simulations using the approximation twb = 54°F can be seen 
to be nearly 50 times as great as for simple deterministic simulation 
procedures, while for fully developed stochastic simulations the costs 
are over 500 times as great. This clearly illustrates the major 
drawback to the use of Monte Carlo simulation - the very long and 
expensive computing times required. For fully developed stochastic 
simulation, for instance, at least 40 (2 x 20) simulations are required 
for each design, with each simulation including the simulation of 
17 wet-bulb temperature values. Relative to simple deterministic 
simulation, therefore, the computing effort will be at least 680 times 
as great. 
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The figures in Table 7.1(a) also show why there is a 
need to use variance reducing techniques. In Chapter 4 it is 
shown that the use of antithetic variates requires only 
2/3 the 
number of simulations necessary to produce a given reduction in 
variance by increasing the sample size. Had this technique not 
been used, therefore, the cost of fully developed stochastic 
simulation would have been very much greater than that indicated in 
Table 7.1(a). The cost would in fact have been £9645 _ 
3/2 
x £6430. 
This is a very large increase in costs, particularly relative to the 
cost of deterministic simulation, and shows clearly the advantage of 
using this variance-reducing technique. 
The benefits of Monte Carlo simulation are illustrated in 
Table 7.1(b). In column 1 the optimum design indicated by each 
simulation procedure is shown. If these optima are plotted on Figure 6.11, 
which presents the results of stochastic simulations over 20 years, then 
the UNACOST20 at which each design will operate can be found. The 
resulting UNACOST20 values are shown in column 2 of Table 7.1(b). From 
these operating UNACOST20 values the reduction in UNACOST2 due to 
allowing for uncertainty may be found. In column3 these reductions 
are shown relative to the UNACOST20 of the base case of deterministic 
simulation in the assumed absence of uncertainty. If the costs of 
each simulation (column 4) are then subtracted from these savings the 
net reduction in UNACOST20 may be found. These net reductions are 
illustrated in column S. 
. From Table 7.1(b) it can be seen that the greatest saving is 
made by using fully developed stochastic simulation. This saving can 
be seen to be equivalent to a 2% reduction in the UNACOST20 from that 
of the base case. It can also be seen that despite the poor agreement 
- 164 - 
between the two stochastic simulation procedures regarding the position 
of the optimum design, the savings arising from the use of stochastic 
simulation with the assumption twb = 54°F are nearly as great as the 
savings from the use of fully developed stochastic simulation. 
Examination of Figures 6.11 and 6.14 shows this to be due to the 
flatness of the UNACOST20 contour near the optimum. 
From Table 7.1(b) can further be seen the very poor result 
which arises from the use of an increased discount rate to allow for' 
uncertainty. It can be seen that the use of this increased discount 
rate results in the choice of a. design which operates at a UNACOST20 
much higher than in the base case, and that the penalty in terms of 
increased UNACOST20 is so great that even the very low computing cost 
of this technique cannot prevent it being much the worst simulation 
technique in terms of net UNACOST20 reductions. The implications of 
this are discussed later in this chapter. 
An examination of the net reductions in UNACOST20 arising from 
each simulation technique shows that of the three techniques of dealing 
with uncertainty not only is the use of an increased discount rate 
unjustified, but so also is the use of fully developed stochastic 
simulation. This is because the computing cost of this latter simulation 
technique is so high that it exceeds the savings resulting from its use. 
The use of stochastic simulation with the assumption 
tab = 540F, on the other hand, can be seen to be very much justified 
Despite the fact that the optimum design chosen by this method operates 
at a higher UNACOST20 than the optimum chosen by the use of fully 
developed stochastic simulation, the relatively low computing cost 
results in an overall net saving on UNACOST20 of some 2% relative 
to the base case. 
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The conclusion drawn from all this is therefore that the 
use of Monte Carlo simulation need not necessarily be automatically 
justified since the high computing costs associated with this technique 
can outweigh savings resulting from its use. If, however, means can be 
found to reduce this cost with little effect on the resultant benefits 
then the prospects for Monte Carlo simulation as an efficient optimisation 
procedure will be greatly increased. 
One further point regarding the costs and benefits arising from 
the use of Monte Carlo simulation should be noted. This is that the 
optimisation procedure used in this thesis -a grid search pattern - is 
an inefficient procedure necessitated by ignorance regarding the nature 
of the optimisation criterion in the region of the optimum. If this 
procedure could be replaced by more efficient search procedures, then there 
could be a great reduction in computing cost, making the use of Monte 
Carlo simulation more attractive. 
From the results of simulations of tower operation a 
second, albeit rather obvious, conclusion may be drawn. This is 
that there is a considerable difference between designing a cooling 
tower to meet an increasing demand over a period of 5 years and designing 
to meet a demand over 20 years. In the case considered in this 
thesis optimum tower sizes are found to be (Section 6.2) some 60% larger 
for those towers meeting a demand over 20 years than for those meeting 
a demand over only 5 years. Perhaps more interesting is the fact that 
this increase in size occurs mainly in tower area. In fact the results 
indicate that whatever the simulation technique - over 5 years or 201 
deterministic or stochastic; low or high discount rate; wet-bulb 
temperature assumed constant at 540F or allowed to vary - the optimum 
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height is approximately constant at 13.5'-14.5'. This is in good 
agreement with the experience of Carey and Williamson (14) that the 
optimum height of cooling towers of the type considered in this thesis 
lie in the range 9'-13'. 
There is a further conclusion to be drawn regarding differences 
between towers designed to meet demands over 5 as opposed to 20 years. 
This is that, as might be expected, the differences between alternative 
techniques of design optimisation increase with the time period under 
consideration. Thus, over 5 years the differences between deterministic 
simulations at a low discount rate, deterministic simulations at a high 
discount rate, and stochastic simulations can be seen (Section 6.1) to be 
much less than the same differences over 20 years (Section 6.2). 
These differences can be seen also to provide one rather 
unexpected result. They show that if uncertainty is allowed for by means 
of an increased discount rate, then an optimum design is indicated which 
is smaller than would have been chosen in the absence of uncertainty. 
When uncertainty is explicitly allowed for, however, the optimum indicated 
is significantly larger than would have been chosen in the absence of 
uncertainty. if the consequences of this are measured in terms of the 
increased UNACOST20 resulting from a non-optimum choice of tower it is 
found (Tables 6.14,7.1(b)) that the use of an increased discount rate 
leads to the choice a design operating at a UNACOST20 some 10-11% higher 
than the true optimum, while ignoring uncertainty completely results in the 
choice of a tower operating at a UNACOST20 only 2-3% above the true optimum. 
In other words it would be better to ignore uncertainty completely rather 
than allow for it by means of an increased discount rate. 
This indicates that the use of an increased discount rate to 
allow for uncertainty is an arbitrary technique which may not be justified 
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by circumstances. It is granted that the results in this instance 
may not be typical and that in other instances the use of an increased 
discount rate may be an appropriate means of allowing for uncertainty. 
The results do show, however, how the use-of an increased discount rate 
forshortens the designer's time horizon. In the case considered in this 
thesis the result of this forshortening of the time horizon is that the 
higher demands experienced beyond this horizon are not allowed for, and 
hence that relatively small designs are indicated as being optimal. 
When the higher demands are actually realised these designs are then more 
costly to operate than designs which would have been chosen had the 
uncertain future been explicitly considered. In other circumstances it 
might be that it is increased profit opportunities which occur beyond the 
shortened time horizon for an increased discount rate, and that plant is 
designed which is too small to take full benefit from these opportunities. 
A major point to emerge from the results of simulations is that 
it is possible to treat the operation of a cooling tower as though it 
operates at a constant temperature, 54°F, in the case considered in 
this thesis. In conventional design procedures also a constant wet-bulb 
temperature is used, this wet-bulb temperature being chosen such that 
there is a specified low probability of it being exceeded and the tower 
becoming inadequate (28). However this design wet-bulb temperature is 
considerably higher than 54°F - Jackson (38) for instance recommends 
62.80F. 
Comparison of the results of simulations using the 
assumption twb - 54°F with those in which annual wet-bulb temperature 
variation is fully simulated suggests that this is a good approximation. 
Not only is agreement good in most cases regarding the position of the 
optimum design, but even where the agreement is poor, as indicated in 
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Table 7.1(b), the increase in UNACOST20 due to a non-optimal design 
choice is small. The implication is therefore that conventional 
design wet-bulb temperatures are chosen to supply a degree of over-design 
to conventional designs. It would be interesting therefore to compare 
the choice of optimum tower designs found using conventional design 
methods with their higher specified wet-bulb temperatures, with the 
optimum found using stochastic simulations employing the assumption 
ttb = 540 F. 
Finally, before leaving these conclusions, some points may 
be made regarding extensions of the work described in this thesis. 
It would be interesting, first of all, to repeat the 
simulations described in this thesis with more realistic data. Because 
of the lack of such data much of that used in this thesis has had to be 
approximated. An example of this is the use of the flooding rate as the 
upper limit to the air rate in a tower. The justification is that the 
cost of allowing the air rate to increase to this value is assumed to be 
less than the cost of the penalty of inadequate capacity. In Appendix I 
this is shown to be so. In practice, however, it may not be appropriate 
to let the air rate increase to this value, and alternative limits may be 
set to the air rate. The modelling of these limits will improve the 
practicality of the model. The use of more realistic data for other 
aspects of the simulation model will also increase its practicality. 
it would be interesting also to apply the simulation model to 
design problems where the demand is very different from that in this thesis, 
and to problems of cooling tower design in different locations. In the 
first case the results would indicate the effect of demand on the choice 
of an optimum. The results in the second case would be particularly 
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interesting since the wet-bulb temperature variation differs with 
location. The results of simulations would therefore indicate the 
effect of different locations, and of different wet-bulb temperature 
variations, on the choice of an optimum design. It would also be 
possible to check whether the assumption twb =a suitable constant 
value is a good approximation for other meteorological situations. 
Lastly, it should be noted that the design problem in this 
thesis is a relatively simple one, and that the choice of minimum cost 
as an optimisation criterion further simplifies matters by avoiding the 
question of the price of plant output. In practice however the question 
of product price and its change with time is very important indeed in 
assessing project profitability (69). An example of a problem of 
design in which uncertainty in both price and demand has played major 
role is that of the design of ethylene cracking plant. From the middle 
to the late 60's plant size increased rapidly to take account of economies 
of scale and of predicted increases in demand for ethylene. The arrival 
on-stream of several of these very large plants subsequently led to a 
situation of over-capacity and falling prices. Allied with the 
inflationary forces of rapidly rising feedstock, fuel, and electricity 
prices, these factors caused the profitability of plants to be 
significantly impaired (15). Resulting from this has been the suggestion 
that economic factors may have made further economies of scale unlikely 
for some time (58). It would be interesting therefore to apply the 
techniques described in this thesis to a problem of plant sizing in 
which not only is the future demand uncertainty modelled, but so also is 
the future uncertainty in the margin between price and variable costs (raw 
materials, fuel, electricity, and so on). Such a simulation would show 
how these uncertainties affect economies of scale and indicate how the 
choice of design should be modified to allow for such uncertainties. 
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APPENDIX A 
Conventional cooling tower design 
Most of this discussion of cooling tower design is drawn from 
Jackson (38), and Gurney and Cotter (26). 
Of the different tower types available to cool water the one 
considered in this thesis is the mechanical, induced draught, counterflow 
tower, chosen because: 
i) considerable information is available on the characteristics 
and performance of such towers (14,36,38,49,64,46). For this reason also 
the period of the design optimisation is taken as 1950, the period to 
which this information refers. 
ii) the design equations for such towers are relatively easy 
to evaluate. 
iii) towers of this type are employed in many industrial processes. 
In this type of tower air is drawn through the tower by a fan 
at the top of the tower, and moves counter-current to the water stream 
which enters at the top and leaves at the base. Within the tower a 
packing is used to increase the interfacial area between the water and 
the air, and thus speed up the rate of heat transfer. This increased 
interfacial area may be provided in two ways; by the formation of splash 
droplets, or by allowing water to flow over the surface of the packing 
so as to form a thin film of large surface area. Even distribution of 
water and air over the cross-section of the tower are factors making for 
good performance. Good water distribution is usually effected by means 
of a distributor, the function of which is to break up the main water 
stream, into a number of small streams suitably spaced over the cross- 
-section of the tower. 
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The essential features of a water-cooling tower which must 
be specified by the design are the height of packing required, and the 
area of cross-section of the tower. The theory of cooling tower 
operation provides equations on which this design may be based. 
Basic design equation 
A schematic representation of cooling tower operation is 
shown in Figure A. I. 
The theory on which the design of water-cooling towers is 
based is the total-heat theory of Merkel (28). Gurney and Cotter (26) 
have derived the basic equations of cooling tower design from this 
theory in the following forms: 
tL2 
dtL 
Kg 
Lt (hLh ) 
(A-la) 
L1 g 
2 h 
or, Kg a. V a 
dh 
(A-lb) G (h L-hg 
gl 
tL2 dtL 
Design integral (I = (h -h )) tLl Lg 
The meaning of the design integral, and its evaluation, may be 
seen by reference to a driving-force diagram (Figure A. 2). 
The total-heat theory assumes that the transfer of heat takes 
place between two bodies of air, the first being a thin layer in contact 
with the water and in equilibrium with it, while the second is the main 
bulk of the air. In the thin layer the air is saturated, its temperature 
is the, same as that of the water, and it has an enthalpy hLj the main 
bulk of air is generally unsaturated, with an enthalpy hg. For any 
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given water temperature, tL, the driving force for heat transfer is thus 
Ah =hL hg (A-2) 
The determination of this driving force can be seen by reference 
to the driving-force diagram. This diagram consists of two lines: 
the equilibrium line, which shows the variation of hL with 
water temperature, tL. 
the operating line, which shows the variation of hg with water 
temperature, tL. 
The driving force corresponding to any value of tL is the difference 
between the values of hL and hg, and is therefore the vertical distance 
between the two lines at that temperature. Once the driving-force 
diagram has been drawn, then the design integral 
tL2 
dtL 
(A-3) ) -3) I 
tL1 9 
may be evaluated. 
To draw the driving-force diagram the equations of the 
equilibrium and operating lines are needed. The equilibrium line 
is part of a fixed curve - the enthalpy of saturated air against 
temperature - whose values are. available from tables. If the water 
temperatures are given the equilibrium line can always be drawn. 
The operating line may be derived from a heat balance around 
the tower: 
heat lost by water = heat gained by air 
i. e. L. (tL tLl) s G. (h9-hgl) 
:. hg = (L/G) . (t L tLl) + hgl (A-4) 
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The gradient of the operating line is given by the water/air ratio, 
L/G. The position of the operating line is fixed by hgl, the 
enthalpy of the inlet air. This is assumed by the theory to be the 
same as that of saturated air at the atmospheric wet-bulb temperature. 
Hence, given the inlet and outlet water temperatures, the 
water/air ratio and the wet-bulb temperature of the inlet air, the 
driving force diagram may be drawn, and the design integral evaluated. 
Volume of packing 
The design variable required from the basic design equation 
(A-la, A-lb) is the volume of packing, V. The first stage in 
calculating V is to draw the driving-force diagram and evaluate the 
design integral. The data required for this are: 
i) the water temperatures 
ii) the wet-bulb temperature of the air 
iii) the water/air ratio which gives the slope of the 
operating line. 
A water cooling tower is generally required to cool a given 
flowrate of water between certain temperatures when the wet-bulb 
temperature has a given'value. A suitable value of the wet-bulb 
temperature is chosen after a study of the relevant meteorological 
data. Typically a wet-bulb temperature will be chosen which is only 
-exceeded for a certain percentage of the time (32) (see Figure 2.1). 
Hence, 
i) the water temperatures, tLl, tL2 
ii) the water rate, L 
iii) the wet-bulb temperature 
are set by the conditions of the problem. 
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The remaining variable to be specified is the air rate, G, 
which fixes the water/air ratio, L/G, and the gradient of the operating 
line. Alteration of the air rate is possible only in mechanical 
draught towers. The effect of varying this ratio is shown in Figure A. 3. 
The maximum possible value of the ratio is reached when the operating 
line becomes a tangent to the equilibrium line, (CB). At the point 
where the lines touch the driving force becomes zero, which leads to 
the impossible requirement that the tower be of infinite height. 
Increasing the air rate reduces the water/air ratio until at the other 
extreme, (CD2) the choice of a very low water/air ratio leads to a tower 
of minimum packed volume. At this low water/air ratio the driving 
foce, (hL hg), is a maximum, and hence the design integral, I, is a 
minimum. 
Increasing the air rate means that more power is needed for 
the fans, and therefore that the annual charges for power will be 
greater. On the other hand, because a smaller tower is needed, the 
capital charges will be smaller. The optimal value of the air rate, 
and hence of the water/air ratio, is chosen so that the sum of the 
annual and capital charges is minimised. If the data necessary for 
economic calculations of this type are not available, then experience 
may be the only guide to the choice of water/air ratio. With the air 
rate specified the driving-force diagram may be drawn, and the design 
integral evaluated. 
To find the packed volume required the mass transfer coefficient, 
Kg, and the effective area of heat transfer, a, remain to be evaluated. 
These are conveniently grouped together as the volume transfer coefficient, 
Kg. a. A manufacturer of cooling towers will have available experimental 
data on packings which will show how they vary with water and air rates. 
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With the water and air rates known the volume transfer coefficient can 
be evaluated, and the volume of packing found from the design equation. 
Height and area of packing 
To find the height and area of packing from the packed volume, 
one or other has to be specified. Commonly the area may be found by 
choosing a value of the air rate per unit cross-section of tower, G/A. 
Since the air rate has been specified the area follows immediately. 
The value of G/A chosen depends on economic considerations. With A 
known, the packed height Z also follows. 
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APPENDIX B 
Equations of cooling tower operation 
Presented in this appendix are analytic forms of the equations 
of tower operation discussed in Appendix A. These analytic equations 
are employed to simulate by computer the operation of a cooling tower. 
B. 1 Basic equation 
In Appendix A it is shown that this may be written (A-1a) 
tL2 
dt 
.a. VL gL (hi hg) 
(B-1) 
tLi 
B. 2 Design integral 
The design integral is (A-3) 
tL2 dt 
tLl 
(hL hg 
To evaluate this integral the equations of the equilibrium and 
operating lines in the driving force diagram (Figure A. 2) are required. 
Equilibrium line 
The equilibrium line corresponds to the enthalpy of saturated 
air in equilibrium with water at any temperature (Appendix A). Between 
O°F and 100°F tabulated data (54) on saturated air enthalpies may be 
represented by the polynominal approximation 
6 
=E 
1-1 hL ai. fiL) BTU/lb (B-3) 
ial 
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where, 
tL =F 
a1 -6.85111364 
a2 = 0.27939963 
a3 = 1.64542322x10 
3 
a4 = 3.57963555x10^6 
a5 = 7.54880536x10 
8 
a6 1.53685897x10 
9 
BTU/lb 
BTU/lb. °F 
BTU/lb. OF 
2 
BTU/lb. OF 
3 
BTU/lb. °F4 
BTU/lb. °F5 
(B-4) 
operating line 
In Appendix A it is shown that the equation of the operating 
line between the top and bottom of a tower is, 
hg = (L/G). (tL tLl)+hgl BTU/lb (B-5) 
Subtracting equation (B-5) from (B-3) gives 
6 
hLh= {Z (ai. tLi-1) }-{ (L/G) *(t L tLl) +h 
} (B-6) 
9 1=1 gl 
According to the theory of cooling tower design (38) the enthalpy of air 
entering a tower is the same as that of saturated air at the wet bulb 
temperature. From equation (g-3), therefore, 
6 
hgl -E (ai. ti-1) (B-7) 
i-1 
The design integral may now be written 
tL2 dtL 
IQ6 
(B-8) 
tLl [{E (ai. tLi-1)}_{(L/G). (tL tLl)+hgl}] 
1=1 
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where hgl is given by (B-7). 
When modelling tower operation (Chapter 3, Appendix J) this integral 
is evaluated by a numerical integration technique using a standard 
computer program (Algorithm 60. Romberg Integration. Communication of 
the Association for Computing Machinery (CALM) Vol. 4 pg 255.1961). 
The solution of a test integration problem with this program showed it 
to be a satisfactory integration technique, the solution differing by 
only 0.05% from that calculated by hand. 
B. 3 Mass transfer coefficient 
Because of the data available on its performance (64) the 
tower packing is assumed to be the 2" serrated wooden grid type 
recommended by Jackson (38). Carey and Williamson (14) have shown 
that the mass transfer coefficient for packings of this type may be 
expressed in terms of the air and water rates in a tower by relating 
it to that of a wetted wall column, and that it may be written 
X= constant. R. c. v0'75. ( 
P 0.25) 
(8-9) 
where, 
R= an enhancement factor relating Kg to that in a wetted 
wall column 
ca constant depending on the temperature and physical 
properties of the gas 
v= relative velocity of gas and liquid surfaces 
P= total pressure 
For a 2" serrated wooden grid packing in a tower operating 
at atmospheric pressure in a water/air environment Equation (B-9) 
becomes (38) 
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Kg = 2.686. (vg+vL)0.75 lb/hr ft2atm. (B-10) 
where the mean air velocity through the packing is 
vg =G ft/sec. (B-11) 
pg. A. Fs. 3600 
and 
Fs = fractional free space, which depends on the packing type 
= 0.813 (for this packing) (B-12) 
The liquid surface velocity vL may be found from the data of Morris 
and Jackson (51) illustrated in Figure B. 1. The data can be represented 
by the equation 
)0'6932 VL = 0.2068. (L ft/sec. (B-13) w 
where, (33) 
L = VL , wetting rate ft3/hr. ft. (B-14) a 
s. A 
VL = L , volumetric liquid flow rate ft3/hr. (B-15) 
62.4 
s= surface area per unit volume of packing ft2/ft3 
= 13.0 (for this packing) ft2/ft3 (B-16) 
Hence, 
wL 62.4. s. A) 
ft3/hr. ft. (B-17) 
L (B-18) a 811.2. A 
and, combining Equations (B-11) , (B-12) , (B-13) and (B-18), the mass 
transfer coefficient is 
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Kg = 2.686. {2926.8. pg. A 
+ 0.2068. (811.2"A0.6932} 
lb/hr. ft2atm. (B-19) 
B. 4 Effective area of mass transfer 
i) Packing completely wetted 
To ensure adequate wetting of packing, the water rate in a 
tower should exceed a minimum value known as the minimum wetting rate, 
Lm (49). For the grid packing being considered the surface area of 
transfer is produced by a film of liquid covering the surface of the 
packing (38). Hence, the effective area of mass transfer should equal 
the actual surface area per unit volume of. packing provided the packing 
is completely wetted, i. e. 
a=s when Lf > 1.0 (B-20) 
where, 
Lf =w, wetting rate as a fraction of MWR (B-21) 
L 
m 
For the packing being considered (49) 
Lm = 0.85 ft3/hr. ft. (B-22) 
hence, from equations (B-18), (B-21), (B-22) 
Lf L (B-23) (62.4. s. A). O. 85 
ii) Packing incompletely wetted 
Should a tower operate at wetting rates less than the minimum 
wetting rate, the packing will be incompletely wetted, the area of mass 
transfer reduced, and the performance of a tower will suffer. Data 
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presented by Morris and Jackson (49) on the performance of towers at 
liquid rates below the minimum wetting rate are shown in Figure 8.2. 
The data may be represented by the polynomial approximation 
5 
E (b Lf (B-24) Ep 
i=1 i 
= fractional effectiveness of packing 
where, 
bl = 2.84609334 
b2 = -4.44223954 
b3 = 4.82729656 
b4 = -2.72669014 
b5 = 0.499780456 (B-25) 
and the effective area of mass transfer will be 
a=s. E when L<1.0 
Pf 
(B-26) 
B. 5 Mean air density 
The mean air density, pg, in a tower is needed in order to 
evaluate the mass transfer coefficient (Equation (B-19). 
Now, 
pg = Pi + P2 lb/ft3 (B-27) 
2 
where, 
pl = density of air entering tower 
p2 = density of air leaving tower 
The density of air entering a tower may be found from 
(1+S 
g1) 492 pl (12.39+19.944. H 
91 
) (460+twb) (B-28) 
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where, 
Hg1 = humidity of air entering tower 
= humidity of saturated air at wet-bulb temperature 
lb/lb dry air 
and may be approximated by 
6 
Hgl =E (ci. hgli-1) lb/lb dry air (B-29) 
i=1 
with, 
h91 
6 
E (ai. twbi-1) BTU/lb. (B-7 ) 
i=1 
cl = 2.3405132 x 10 
3 
lb/lb. 
c2 = 3.07016947 x l0-4 lb/BTU 
c3 = 1.06739344 x 16-5 (lb/BTU) 
2 
c4 = -1.34263769 x 10 
7 (lb/BTU) 3 
c5 = 8.89683752 x 10 
10 (lb/BTU) 4 
c6 = -2.1245839 x 10 
12 (lb/BTU) 5 (B-30) 
The density of air leaving a tower will depend on the amount 
of mass transfer, which in turn will depend on the mean air density. 
One way round this problem is to use an average value for p2 taken 
from the maximum and minimum values likely in a tower. Any error will 
be little because of the relatively small changes in air density occurring 
in a cooling tower. For an estimate of this error see the next section. 
The assumption is that 
p2 = 0.0766 lb/ft3 (B-31) 
hence, 
Pi 
= 0.0383 + lb/ft3 (B-32) 
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B. 6 Accuracy of approximations 
The accuracy of the approximations employed is shown by 
Tables B. 1-B. 4. In general any errors are very small. 
The approximations involved are: ' 
i) Enthalpy of saturated air (Table B. 1) 
6 
hL =E (ai. tLi-1) BTU/lb (B-3) 
i=1 
ii) Liquid surface velocity (Table B. 2) 
vL = 0.2068 (Lw)0.6932 
iii) Fractional effectiveness of packing '(Table B. 3) 
(B-13) 
5 
Ep =E (bi. Lfi) (B-20 
i=1 
iv) Saturated air humidity (Table B. 4) 
6 i-1 
Hgl =E (ci. hg lb/lb dry air (B-29) 
i=1 
v) Mean air density 
Most of the error in the calculation of the mean air density 
arises from the error in estimating the density of air leaving the tower, 
p2 = 0.0766 lb/ft3 (B-31) 
The maximum air density is when it is warmest and wettest. If water 
enters a tower at 93°F, the minimum air density possible will be 
min (p2) = density of saturated air at 93°F 
= 0.0705 lb/ft3 (B-33) 
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TABLE B. 1 Saturated air enthalpies 
Water Saturated (54) Polynomial 
Temperature air enthalpy approxim. 
(°F) (BTU/lb) (BTU/lb) 
0 , -6.851 -6.851 
10 -3.883 -3.88 
20 -0.580 -0.56 
30 3.229 3.21 
40 7.544 7.54 
50 12.615 12.63 
60 18.774 18.78 
70 26.404 26.39 
80 36.004 35.99 
90 48.244 48.26 
100 64.044 64.04 
(Datum - dry air at 32°F) 
TABLE B. 2 Liquid surface velocity 
Wetting Liquid surface approximation 
Rate, L velocity, vL(49) (ft/sec. ) 
(ft3/hrwft) (ft/sec) 
0 0 0 
1 0.22 0.21 
2 0.34 0.33 
3 0.45 0.44 
4 0.55 0.54 
5 0.64 0.63 
6 0.72 0.72 
7 0.80 0.80 
8 0.88 0.87 
9 0.95 0.95 
10 1.01 1.02 
11 1.08 1.09 
12 1.13 1.16 
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TABLE B. 3 Fractional effectiveness of packing 
Fract. effectiveness 
Polynomial 
w/Lm of packing, Ep (49) approxim. 
0 0 0 
0.04 0.10 0.10 
0.08 0.20 0.21 
0.13 0.30 0.30 
0.18 0.40 0.38 
0.26 0.50 0.50 
0.34 0.60 0.61 
0.43 0.70 0.70 
0.55 0.80 0.80 
0.71 0.90 0.90 
1.00 1.00 1.00 
TABLE B. 4 Saturated air humidity 
Temperature Saturated Saturated Polynomial 
(°F) air enthalpy air humidity approx'n 
(BTU/lb)(54) (lb/lb dry air)(54) (lb/lb. dry air) 
0 -6.85 7.87 x 10 
4 7.83 x 10 
4 
10 -3.88 1.32 x 16-3 1.32 x 10 
3 
20 -0.58 2.15 " 2.17 " 
30 3.23 3.45 " 3.44 " 
40 7.54 5.21 " 5.21 
50 12.62 7.66 " 7.66 
60 18.77 1.11 x 10-2 1.11 x 1Ö 
2 
70 26.40 1.58 " 1.58 " 
80 36.00 2.23 " 2.23 " 
90 48.24 3.12 " 3.12 
100 64.04 4.32 4.32 
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The maximum air density is when it is coolest and driest. In Britain 
the lowest wet-bulb temperature likely is about 20°F (28), which means 
that the highest air density possible in a tower will be 
max (p2) = density of saturated air at 20°F 
= 0.0826 lb/ft3 (B-34) 
Hence, 
possible error in p2 =t0.0061 x 100% 
0.0766 
7.5% 
Now, 
Pg = P1+P2 
2 
and, since plc p2 
possible error in Pc =t7.5% = ±4% 
2 
(B-35) 
(B-36) 
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APPENDIX C 
Limiting water and air rates 
The water and air rates at which. a cooling tower may operate 
are limited. The nature of these limits is discussed in this Appendix. 
C. 1 Limiting water/air ratio 
At any wet-bulb temperature there is a maximum water/air ratio 
(L/G) possible in a cooling tower. This is the water/air ratio at 
which the operating line in the driving-force diagram (Figure C. 1) meets 
the equilibrium line at some point (38). At the point where they meet 
the driving force in a tower is zero, making it impossible to cool water 
over the required temperature range with a tower of finite size. 
The value of this limiting water/air ratio depends on the 
wet-bulb temperature, and may be evaluated thus: - 
i) Low wet-bulb temperatures 
At low wet-bulb temperatures (Figure C. la) the operating 
line CD meets the equilibrium line AB at its highest point (B). 
Now, the equation of the operating line (Appendix B) is 
hg hgl +G (tL-tLl) (B-5) 
which may be rewritten 
L/G °(hg 
-h c 1) (C-i) 
tL tLl 
At point Be when the operating and equilibrium lines 
coincide, the bulk air enthalpy hg, given by the operating line, equals 
the saturated air enthalpy hL, given by the equilibrium line, i. e. 
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hg = hl, (C-2) 
Also, at point B 
hL = hL2, the enthalpy of saturated air 
at the hot water temperature (C-3) 
and, tL = tL2, the hot water temperature (C-4) 
Hence, combining (C-1), (C-2), (C-3), (C-4) 
maximum (L/G) _ (-L 
2_tgl) 
(C-5) 
tL2 
L1 
The saturated air enthalpies hL2 and hgl may be evaluated 
using equation (B-3) 
6 
hL2 =E (aV tL2i-1) (C-6) 
i=l 
6 
h i-1 
gi 
E (ai. t ) (C-7) 
i=1 
The maximum water/air ratio may therefore be readily found for a tower 
required to cool water between tL2 and tLl once the wet-bulb temperature 
is known. 
ii) High wet-bulb temperatures 
At high wet-bulb temperatures (Figure C. 1(b)) the operating 
line meets the equilibrium line at an intermediate point D'. In this 
situation the limiting water/air ratio may most easily be found graphically. 
In the case being considered in this thesis, where 
tL2 - 93°F 
tLl = 73°F 
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TABLE C. l: Maximum water/air ratios 
Wet-bulb Maximum 
temperature water/air 
(OF) ratio (L/G) 
m 
66 tL2 
tgl 
L2 L1 
66 1.457 
67 1.428 
68 1.382 
69 1.331 
70 1.274 
71 1.205 
72 1.118 
73 - 
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it is found that it is at wet-bulb temperatures of 66°F and above that 
the operating and equilibrium lines meet at an intermediate point. 
The limiting water/air ratio at this and higher wet-bulb temperatures 
is shown in Table C. 1. 
C. 2 Limiting air rate 
There is a limit to how far the air rate in a particular 
cooling tower may be increased. Morris and Jackson (49) recommend that 
operation at air rates above the flooding rate (Figure C. 2) be avoided 
in a packed tower due to the build up of liquid, and therefore it is 
assumed that this represents an upper limit to the air rate in a cooling 
tower. 
There is an absence of data on gas flooding rates for the 
packing considered in this thesis, or for wooden grid packings in 
general. For this reason the flooding air rate is related to the loading 
air rate, for which data are available. 
The loading air rate for the 2" serrated grid packing considered 
in this thesis may be found from the data of Morris and Jackson (49) 
on the gas/liquid ratio at loading point for this packing (Figure C. 3). 
This data may be approximated by the relationships 
(S) s 
4059.8 
VL- 
290.05 w<2.0 (C-8a) 
Lw 
(ý)= 
4002. (L )-1.288 Ls2.0 (C-8b) 
VL 
where, (51), 
v=pA, volumetric gas rate per unit g qcross-section 
of tower ft3/ft2sec. (C-9) 
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Hence, 
L 
vL 62.4. A. ' volumetric liquid rate 
per unit cross-section 
3 
of tower ft/ft2. sec. 
(C-10) 
(B-17) 
(C-11) 
L 
w 62.4. s. A. 
V 
(ý) _ (L) ' (6p .4 
L9 
and, when w=2.0, 
L=2.0. (62.4. s. A) = 124.8. s. A 
Equation (C-8a) may therefore be rewritten 
VG 62.4 4059.8 V) 
_ (L) "(p)L -290.05 
Lgw 
G 62.4 4059.8 
i. e. (L). (p L. 
(62.4. s. A) -290.05 
g 
(C-12) 
j. e. GL = p9. (4059.8. s. A - 4.6482. L) L< 124.8. s. A (C-13a) 
and, in a similar manner, Equation (C-8b) may also be rewritten, as 
where, 
62 .4 
0-. 288 1.288 
GL = pg. 4002. (L) (s. A) L2 124.8. s. A (C-13b) 
GL = loading air rate (lb/hr). 
Data presented by Molstad et al. (48) on loading and flooding 
rates in grid packings suggest that the flooding air rate may be written 
Gf - 1.5. GL (C-14) 
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Hence, from Equations (C-13a), (C-13b), the flooding air 
rate is given by 
Gf = 1.5. pg. (4059.8. s. A - 4.6482. L) (C-15a) 
L< 124.8. s. A 
Gf = 1.5. p . 4002. (62.4)0.288. (s. A)1.288 (C-15b) 
Lt 124.8. s. A 
c. 3 Limiting water rate 
If the limiting water and air rates in a cooling tower are 
drawn as in Figure C. 4 (which is based on data in Table C. 2) it can 
be seen that there is a limiting water rate at which a tower may operate. 
At water rates above this limiting rate it is impossible to find an air 
rate which does not violate one of the limiting conditions. 
The location of this point may be found from the limits on 
water and air rates: - 
Maximum water/air ratio 
(L/G) - (L/G) 
m 
i. e. L-G. (L/G)m (C-16) 
Flooding air rate 
Gf = 1.5. pg. (4059.8. s. A-4.6482. L) (C-15a) 
L< 124.8. s. A 
62.4 
= 1.5. pg. 4002. (2L4). 
288 
(s. A) 
1.288 (C-15b) 
L2 124.8. s. A 
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TABLE C. 2 Limiting water and air rates 
Packing type - 2" serrated grids* 
Surface area/unit volume, s- 13.0 ft2/ft3* 
Minimum wetting rate, Lm - 0.85 ft3/hr. ft2* 
Area of packing, A- 600 ft2 
Wet-bulb temperature - 72°F 
Maximum water/air ratio - 1.118 
Air rate at: - 
Wetting rate, Water rate, Flooding Maximum 
L L point water/air 
ft2) 3/h ft 
(x1O61b/hr) (xlO6lb/hr) ratio 
r. ( (x1O61b/hr) 
0.5 0.24 3.44 0.22 
1.0 0.49 3.31 0.44 
1.5 0.73 3.18 0.65 
2.0 0.97 2.88 0.87 
2.5 1.22 2.70 1.09 
3,0 1.46 2.56 1.31 
3.5 1.70 2.45 1.52 
4.0 1.95 2.36 1.74 
4.5 2.19 2.28 1.96 
5.0 2.43 2.21 2.18 
5.5 2.68 2.15 2.39 
6.0 2.92 2.10 2.61 
6.5 3.16 2.05 2.83 
7.0 3.41 2.01 3.05 
*See Appendix B for data on packing characteristics 
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By combining Equations (C-15a), (C-15b), (C-16) it can be shown that the 
limiting water rate may be written, 
1.5. p . 4059.8. s. A 
u (0.5229 + 1/(L/G)m) 
L< 124.8. s. A (C-17a) 
0.776 
Lu = 2.52. (pg. 4002. (L/G)m). s. A L> 124.8. s. A (C-17b) 
C. 4 Minimum wetting rate 
Also shown in Figure C. 4 is the minimum wetting rate (Appendix B). 
Should the water rate in a tower be less than the minimum wetting rate, 
then the performance of the tower packing will be reduced due to 
inadequate wetting, and a penalty will be incurred in the way of increased 
operating costs caused by the higher air rates needed to compensate. 
Water rates below this minimum wetting rate should therefore be avoided 
if possible. 
C. 5 Effect of uncertainty 
It is shown in Chapter 3 that the effect of uncertainty is to 
alter the limits on cooling tower operating. 
The effect on these limits of changes in the wet-bulb temperature 
is illustrated by Figure C. 5. It can be seen that as the wet-bulb 
temperature falls there is an increase in the value of the limiting 
water rate, and an increase in the range of air rates possible at any 
particular water rate. This is because the lower limit moves away from 
the upper as its gradient changes with the wet-bulb temperature. 
It can also be seen from Figure C. 5 that changes in the water 
rate will alter the range of air rates allowed, this becoming increasingly 
restricted as the water rate increases. Otherwise changes in the water 
rate will not affect the limits shown in Figure C. 5 - the upper limit 
0 
w 4) 
N 
0 
43 0 
14 
$4 
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Water rate *, L 
a) High wet-bulb temperature 
Water rate, L 
b) Low wet-bulb temperature 
Fig. C. 5 Limiting water and air rates: 
effect of wet-bulb temperature 
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being fixed by the design of cooling tower and the lower by the wet-bulb 
temperature. 
Changes in the volume transfer coefficient will have no 
influence upon these (hydrodynamic) limits*to cooling tower operation. 
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APPENDIX D 
Pressure drop equation 
The pressure drop in a cooling tower is the principal 
factor influencing the consumption of power (38). For serrated 
grid packings Jackson (38) and Carey and Williamson (14) use the 
pressure drop relationship 
AP - 136'n"pg" ö2. z milli. atm. (D-1) 
where, 
n= velocity heads lost per foot of packing 
vo p . A. 3600 
" mean equivalent (D-2) 
9 
empty-tower velocity ft/sec. 
i) Below loading point 
Below the loading point, for 2" serrated grid packings, 
Jackson (38) gives 
n=3 (D-3) 
:"4= (136) ' PG' A. A. 3600 
2 
(D-4) 
z 
G2 3 
'ý (136) ' pg. A2. (3600) 2 
a 3 
9). ( 
G2 
milli. atm. (D-5) 
1.76x10 pg. A 
If the pressure drop and air rate at the loading point are denoted by 
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AP=APL G=GL 
then, at the loading point, 
G2 Zp) 3L2 
(D-6) 
L 1.76 x109 p .A 5 
or, 
2 
APL =(3. 
Z 
9) .(GL 2) milli. atm. (D-7) 1.76x10 pg. A 
ii) Above loading point 
Above the loading point the pressure drop is proportional to 
the air rate to a power greater than 2 (49). Data published by 
Molstad et al. (48) on the pressure drop characteristics of grid-packed 
towers suggests that, above the loading point, 
AP 
a G3.70 `z 
i. e. logAZ) - 3.7 logeG +constant 
This equation must be satisfied at the loading point, 
i. e. loge(AZ) 
Ls3.7 
logeGL+constant 
but, taking logs of both sides of equation (D-6) 
log ( p) = 2.0 log GL +log (31 eZLee1.76x109 
pg. A2 
(D-8) 
(D-9) 
(D-10) 
(D-11) 
Subtracting (D-11) from (D-10) gives 
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constant = loge( 
31) 
-1.7 log gL 
G (D-12) 
1.76x10 
9 
p9 .A2 
Substituting in (D-9) 
loge (j) = 3.7 logeG -1.7 loge GL 
+ loge( 
3912 (D-13) 
1.76 x 10 pg. A 
3.7 
z3 9). 
( 1 2). ( 1G .7 
(D-14) 
1.76x10 pg A GL 
or 
AP =(3. 
Z 
9). ( 
1 
2). ( 
G 
31.7 
7 milli. atm. 
(D-15) 
1.76x10 pg. A GL ' 
iii) General pressure drop equation 
Equations (D-7) and (D-15) can be combined to give a general 
pressure drop equation 
3.7 
AP -(3. 
Z 
9) 
1_%.: 
21.7 mill. i. atm. (D-16) 
1.76x10 pg. A G1 
where, 
Gl G O< G<GL 
(a'1 GL GLs GS Gf 
Smith and Williamson (64) indicate that an additional 
pressure drop occurs as a result of entrance effects and pressure 
loss across the water distributor. Equation (D-16) must therefore 
be modified, to allow 
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i) 0.08 milli. atm. for entrance effects 
ii) 5 velocity heads for distributor pressure loss 
The total pressure drop equation now becomes 
DP = 0.08 + (3Z+5 9) 2G 
31.7 
7 Milli. atm. (D-17) 1.76x10 pg. A G1' 
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APPENDIX E 
Cost of inadequate capacity 
It is shown in Chapter 3 that, due to the presence of 
uncertainty, there may be occasions when a cooling tower is not able 
to satisfy the demand for cooling water. When this happens it may 
be said that the tower has an inadequate capacity to satisfy this demand. 
Hess and weaver (33) point out that when the design of a 
plant is inadequate there is an associated cost (the cost of inadequate 
capacity) incurred which corresponds to the loss of potential profits. 
However, a cooling tower is a utility which usually supplies other, 
manufacturing, units, and the estimation of an appropriate transfer price 
to charge for such a utility is difficult (1). Where the choice of an 
appropriate figure for the cost of inadequate capacity is difficult, an 
arbitrary choice may be the only alternative (70). 
In this thesis it is assumed, therefore, that limits may be set 
on possible values of the cost of inadequate capacity, and that 
0s cost of inadequate capacity S cost of buying cooling water. (E-1) 
This is because, if the cost of inadequate capacity were to exceed the 
cost of buying in cooling water, say from a local water authority, it 
would seem reasonable to assume that arrangements would be made to 
purchase sufficient cooling water to make good any shortfall due to 
inadequate capacity, since the cost of purchasing this water would be 
less than the cost of any inadequate capacity. 
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It is further assumed, in the absence of any better information, 
that 
cost of inadequate capacity 
= cost of buying cooling water. . (E-2) 
However, it is accepted that in actual industrial practice either an 
appropriate transfer price for cooling water would be set, or else an 
estimate of the cost of inadequate capacity would be made on the basis 
of experience of the operation of cooling towers. 
- 208- 
APPENDIX F 
Cost data 
F. l Capital investment 
Jackson (38) has presented data on the cost of grid-packed 
towers (Table F. 1). If it is assumed that in addition to the equipment 
shown in Table F. 1 there will be required 
i) water pump + spare 
ii) pump motor + spare, 
then, from the data in Table F. 1, it is possible to write that delivered 
equipment cost will be 
Ed = £(6.18+0.4.2)A+2. P+2. M+0.00894. (RC. L)0.6+0.117. L0.6 (F-1) 
where 
P= pump cost 
M= motor cost 
Rc = cooling range (t L2 tLl)°F 
L= water rate lb/hr. 
in order to keep costs consistent the date is taken as mid-1950, the 
period of Jackson's data. 
Installation costs are related to delivered equipment costs by 
average factors taken from published data (4,6,57,75). Based on these 
factors the installation cost is written 
Ic= £{(3.51+0.219. Z). A + 1.16. P+0.89. M} (F-2) 
and the direct capital expense 
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TABLE F. 1 Cost data for grid-packed 
induced draught. towers(38) 
Item 
Structure (including cost of pond, 
foundations and roof) 
Serrated grid packing and installation 
Distributor and supports 
Aerofoil-bladed fan 
Fan motor and switch gear 
Power wiring and guard 
Water treatment equipment 
Cost, E/unit area 
of cross-section 
(mid 1950) 
4.00 
0.4QZ 
0.67 
0.53 
0.85 
0.13 
Chlorinator £500-1000 (1948) to treat 
440,000 galls/hr 
Other £100-200 (1948) to treat a 
water make-up of 1320 galls/hr. 
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E_E +I 
cdc 
£{(9.69+0.619. Z). A+3.16. P+2.89M 
0.6 0 
+0.00894. (RC. L)+0.117. L. 
6} 
(F-3) 
From the data of Bauman (6) it is assumed that 
Indirect capital expenses = 18% Ec (F-4) 
while the data of Sickle (11) on working capital factors can be used 
to show that, approximately, 
Working capital = 5.3%. Ed -0.9% Ec (F-5) 
Combining (F-3), (F-4), (F-5) leads to the total capital 
investment required 
It = £{(11.67+0.746. Z). A+3.81. P+3.49. M 
0.6 
+0.00894. (Rc. L)+0.117. L0ý6} (F-6) 
Based on data (13) on pump and motor costs these are written 
P= £1.64. {L. (Z+10)}0.2975 (F-7) 
M= £8.44x10 
7. {L. (Z+10)}1'06 (F-8) 
a head of 10' being allowed for the depression of the pump pit, elevation 
of packing above pond, and distributor clearance above the packing. 
it is assumed that the pump is 60% efficient. 
It is assumed that the design water rate will be based on the 
initial demand, but will be somewhat greater to allow a certain amount 
of initial over-capacity. The design water rate is taken to be that 
expected in year 5, 
L5 a 1.0 x 106. (1.04)5 (F-9) 
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The direct capital expense is therefore written 
Ec _ £{(9.69+0.619. Z). A+5.18. [L5. (Z+10)30.2975 
+ 2.44X, 0-6. EL 5* (Z+10)31.06+0 . 00894. (RC. L5)O. 
6 
+0.117. (L5)0.6I (F-10) 
and the total capital investment is 
It = £{(11.67+0.746. Z). A+6.25. [L5. (z+10)]0.2975 
+2.95x10 
6. [L5. (Z+10)]1'06+0.00894. (L5. Rý)0.6 
+0.117. (L5)0.6} (F-11) 
F. 2 Operating cost 
i) Fan power cost 
According to Jackson (38) the ideal power required to draw 
air through a tower is given by 
ideal fanpower = 7.98 x 10-7. (p 
GA-). A. AP Kw (F-12) 
9 
If it is assumed (18) that the fans and motors have an efficiency of 50% 
and the cost of electricity is taken to be O. 7 d/kw. hr (EO. 00275/kw. hr) 
(38), then the actual fanpower cost per year will be 
£4.39 x 1Ö 
9 ýpýp 
W (F-13) 
9h 
where, 
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Wh= number of hours of tower operation/year 
ii) Pump power cost 
The power required to pump water will be 
liquid rate x head horsepower (F-14) 33,000 x efficiency 
If it is assumed that the pump efficiency is 60%, and the cost of 
electricity is taken as £0.00275/Kw. hr (EO. 00205/HP. hr) then the 
annual pump power cost will be 
£1.79 x 10-9. L. (Z+1O) . Wh (F-15) 
Combining (F-13) and (F-15) gives the total annual power cost, 
C= £{4.39 x 10 
9. 
G. AP Wh 
p5 
+1.79 x 10 
9. 
L. (Z+1O). Wh} (F-16) 
iii) Raw materials cost 
The raw materials cost will include (38) 
i) cost of make-up water (water lost due to evaporation) 
ii) cost of purge water (water removed from the circulating 
system to prevent a build-up of 
dissolved solids) 
iii) water treatment 
Based on data given by Jackson (38), and taking the cost of water 
(Section F. 4) to be £0.082/1000 gallons, then 
- 213 - 
Cost of water/year = £2.41x10 
8. 
RL. Wh (F-17) 
Cost of water treatment/year = £6.78x10 
5. 
Rý. L (F-18) 
and the total raw materials cost per year 
_ £{2.41x10 
8. 
Rc. L. Wh+6.78x10 5. Rc. L} (F-19) 
iv) Labour and overheads 
Data, (5,20) on costs, other than those already considered, 
which contribute to operating costs suggest that these may be written 
Labour and overheads = 3.24. CL + 2.12. MC+0.015. It (F-20) 
where, 
CL = cost of process labour/year. 
Mc maintenance cost/year 
Combining equations (F-16), (F-19) and (F-20) gives the 
operating cost in any year as 
C= £{[4.39x10 
9. c.: P. Wh+1.79x10 
9. 
L. (Z+1O). Wh] 
5 
+[2.41x10 
8. 
Rc. L. %+6.78x10 
5. 
Rc. L) 
+[3.24. CL+2.12. MC+0.015 It]} (F-21) 
F. 3 Maintenance cost 
Data presented by Larinoff (44) on cooling tower maintenance 
costs is summarised in Figure (F. la). Up to a tower age of eight 
years the data are represented well by 
100 
60 
60 
uni 40 0 U 
U- 
4J 
Ü 20 
4) 
8. i G) 
b+ r-4 10 dd N 
ai -0 
8 
6 
ro 4 
U 
4) 
FA 0 
V 
d 
A +ý 
Q Np 
VU 
d 
+d C1 
ää 
a). J 
14 
F 
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'/0(2) 
(2) o 
2I . «"I i i 
Figures in parentheses indicate 
number of towers considered 
246 
Towers age (years) 
a) Cumulative maintenance cost 
9 
6 
3 
0 
8 10 20 
2468 10 12 
Tower age (years) 
b) Annual maintenance cost 
Fig. F. 1 Maintenance cost against tower age 
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Y 1.4. N1.575 
m 
where, 
Ym = cumulative average maintenance 
cost as a percentage of tower cost 
N- tower age in years 
(F-22) 
The average annual maintenance cost in any year is given by 
M_ 
dYm 
tower cost) 
c dN 100 
= 1.4 . 1.575. N0.575. 
tower cost (F-23) 100 
Figure (F. lb) shows how the average annual maintenance cost increases 
with tower age. Larinoff considers his data to be dependable only for 
towers up to eight years old. For towers older than this a conservative 
view is taken and the maintenance cost is assumed to be constant, i. e. 
0.02205. N0.575. E Ns8 
Expected maintenance 
c 
cost per year, Mc 
O. 073. Ec N> 8' (F-24) 
F. 4 Cost of water (Cost of inadequate capacity) 
In the location being considered (Croydon) water bought in 
1950 from the local Water Undertaking was charged to consumers at ls. 5d. 
-ls. lOd/1000 gallons on a sliding scale. Taking an average value 
gives, 
cost of buying cooling water - 1s. 7hd/l000 gallons 
£O. 082/1000 gallons 
£8.2x106/lb. (F-25) 
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The cost of inadequate capacity will therefore be 
Cc = £8.2 x 106. (L r-L). Wh per year (F-26) 
where 
Lr = cooling water demand, lb/hr 
L= actual cooling water rate, lb/hr 
Combining equations (F-21) and (F-26) gives the total annual 
operating cost when this penalty for inadequate capacity is included As 
C= £{[4.39x109. 
G. tP. Wh+1.79x10 9. L. (Z+10). Wh3 p9 
+[2.41x10 
8. 
Rc. L. Wh+6.78x10-5. Rc. L] 
+[3.24. CL+2.12. MC+0.015. It] 
+ 8.2x, 0-6. (L 
r -L). 
Wh) (F-27) 
F. 5 Taxation and allowances 
The effect of taxation and investment allowances is included 
in the calculation of costs in order to make the analysis as realistic 
as possible. in general the effect of taxation will be to reduce the 
difference in costs between different designs. The effect of investment 
allowances cannot be so easily predicted (5o). 
i) Taxation 
in 1950 company tax consisted of two parts: 
i) profit tax, levied on total profits at the rate of 
(30% on distributed income 
(10% on undistributed incomes 
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ii) income tax, levied on profits, after profit tax 
has been deducted, at the rate of 45% (9/- in £). 
If the fraction of profits distributed as dividends is xp, 
then, on unit profit, 
profit tax = 0.3. xp+0.1. (1-xp) - 0.1+0.2. xp (F-28) 
balance = 1-(0.1+0.2. x) = 0.9-0.2. xp 
income tax = 0.45. (0.9-0.2. x) = 0.405-0.09. xp (F-29) 
Based on published data (69) it is assumed that 50% of profits are 
distributed as dividends, i. e. 
X=0.5 P 
hence, 
(F-30) 
profit tax = 0.20 (20%) 
income tax = 0.36 (36%) 
total tax rate = 0.56 (56%) (F-31) 
However, (47), there is a delay in the collection of these taxes averaging 
12 months for profit tax and 18 months for income tax. Hence the 
effective tax rate is 
t =(l0*20 +r) 
+ 
o(l+r) 3/2 (F-32) 
where r is the cost of capital to a firm, taken to be 8% (47). Therefore, 
0.20 
t =(1.08) + 
0.36 
3/2 ,. 0.506 (50.6%) (F-33) 
(1.08) 
ii) Investment allowances 
Investment allowances are permitted against tax to provide 
for the depreciation value of an investment. In 1950 they were in two 
parts: 
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i) an Initial Allowance, set against the first years profit, 
of 20% of the capital expenditure (excluding working capital and 
start-up costs) 
i. e. Ai = O. 2. Eý (F-34) 
ii) an Annual Allowance, representing the maximum depreciation 
permitted by law to be set against the profit in each year. It is 
calculated from the formula 
Aa =4. (permitted percentage). (written down value of investment) 
where, 
(permitted percentage) = permitted declining balance 
rate of depreciation 
5% for machinery and plant 
in water undertakings 
(written down value) [Capital expenditure - Initial 
Allowance -E (previous 
Annual Allowances)] 
. -. A =5.5. 
(written down value) (F-35) 
In the first two years the allowances are found as follows: 
Year 1 
Capital expenditure = Ec 
Written down value - Ec 
Initial Allowance, Ai - O. 2. Ec 
Annual Allowance, Aa, l a4 lp5 p. 
Ec 
- 0.0625. Ec (F-36) 
Total allowance - Ai+Aall - 0.2625. Ec (F-37) 
Year 2 
Written down value - (1-0.2625). E - 0.7375. E cc 
Annual Allowance, Aa, 2 - 0.0625. (0.7375. Ec) 
- 0.0461. E 
C 
(F-38) 
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Year N 
Written down value =V n 
Annual Allowance, Aa, 
n - 
0.0625. Vn 
Year N+1 
Written down value = Vn -0.0625. V n=0.9375. 
Vn 
Annual Allowance, Aa, 
n+l = 
0.0625. (0.9375. Vn 
= 0.9375. (0.0625. Vn) 
i, e, Aa, n+l 
= 0.9375. Aa, 
n 
when N>1 (F-39) 
F. 6 Effective operating cost 
If the actual costs expected to be incurred in any year of 
tower operation are E(cn), then, treating these costs as if they occur in 
mid-year, 
reduction in costs due to 
tax saved 
E(cn ). t 
reduction in costs due to 
At 
investment allowances a, n 
However, tax is assessed at the end of a year, therefore the value of 
any tax saved must be discounted to mid year, i. e. 
value of reduction in costs due E(c). t 
to tax saved (1+r) o. 
5 
value of reduction in costs due A t. a/n 
to investment allowances (1+r) 
0.5 
Hence, the effective operating cost E(Ct) incurred in any year after 
taxation and allowances have been accounted for is 
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Year 1 
E(ct/l) E( c1) - E(c1) .t- Aall. t - At 
(1+r)0 
5 
(1+r)0 
5 
(1+r)0.5 
=E (c ). (1 -t (A i+A 
)t (F-40) 
1 (1+r)ß. 
5 a. l (1+r)o. 
5 
Year N (N > 1) 
F. (c )= E(c )- E(c ). 
t- Aa, n. 
t 
t, n nn (1+r) o. 5 (l+r)0.5 
E (c ). (1 -t)-At (F-41) n (1+r)0.5 a, n (1+r)0.5 
F. 7 UNACOST 
The UNACOST, or uniform annual equivalent cost, of an 
investment is given by (40) 
Pm Rm. 
RP, m 
where, 
(F-42) 
Pm = present value over N years 
Rm = UNACOST over M years 
FRP, 
m = 
UNACOST present-value factor 
E (l+r) (F-43) =n 
n=1 
whence, 
11 
Rm = Pm/FRP, m 
(F-44) 
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If the costs incurred in year N are cn, then the present 
value of these costs will be 
Mc 
PVC -Ii+E- n-"- 
n=1 (l+r) n 
where, 
Ii = initial capital investment 
(F-45) 
In the case of a cooling tower, where the capital investment 
is It and the effective operating cost in year N is E(Ct, n), 
the 
present value is 
M E(C ) 
PVC = It +E (1+r) (F-46) 
n-1 
and the UNACOST over M years is given by 
M 
tNACOST - PVC /( E1) (F-47) 
mm n-1 (l+r)n 
k 
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APPENDIX G 
Describing variable uncertainties 
G. 1 Triangular distributions 
G. 1.1 Relative frequency 
Suppose a variable X has a triangular frequency distribution 
f(X) as illustrated in Figure G. 1. 
X 
Figure G. 1: Triangular distribution 
To draw this distribution the lower limit, L, to X, the mode M, the 
upper limit U, and the relative frequency at the mode f(M), must be found. 
If the relative frequency at the mode is 
f (M) -P (G-1) 
the relative frequency distribution will be 
P. (X-L) L' X4M 
(M-L) 
f (X) 
P. (X-U) MSXSU 
(M-U) (G-2) 
The cumulative frequency distribution of a variable is 
defined as (71) 
rX 
F (X) 1f (X) dX (G-3) 
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L4XSM 
jX jXL 
F(X) =J f(X). dx =J f(X). dX (G-4) 
but, 
f(X) -0 when X5L (G-5) 
.. 
F (X) 
IL X P. (X-L) 
(M-L) 
P X2 
x 
a"C2-L. X ] (M-L) 
L 
a2. (M-L) 
" (X2-2X 
. L+L2 ) 
i. e. F (X) = 
P. (X-L) 
2L<X<M 
(G-6) 
2. (M-L) 
M<X<U 
F (X) = Jeg f (X) dX =f (X) dX +1f (X) dX (G-7) 
leg lee M (XM 
substituting X=M in (G-6) gives 
Now, 
rM P (M-L) 2 
F (M) =1f (X) . dX 2" (M-L) 
00 
= 
P. 
" (M-L) (G-8) 
JX f(X). dX IX 
P. (X-U) 
MJ M 
(M-U) 
PE X2 _ lx P. [X2-U. X -M2+U. Mj (M-U) 2M (M-U) 22 
=P. 
(X2-2U. X+2U. M-M2) 
2. (M-U) 
P. 
= 2. 
[ (X-U) 2- (M-U) 2] (G-9) 
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Hence, 
F (X) =p" (M-L) + 
L' E (X-U) 
2- 
(M-U) 
2] 
MSX5U (G-10) 
2 2. (M-U) 
The cumulative frequency of X when X-- is (71) 
F (co) = I- f (X). dX - 1.0 (G-11) J o0 
But, 
f (X) O when USXS +°° (G-12 ) 
:. F(-) =F (U) = 1.0 (G-13) 
Substituting X=U in equation (G-10) gives 
F(U) =P. 
(M-L) - P. (M-U) 
2 
2 2. (M-U) 
P. (M-L) - P. (M-U) 
22 
P. (U-L) (G-14) 
2 
" P. (U-L) = 1.0 
2 
2 (G-15) pS (U-L) 
For a triangular distribution, therefore, the relative 
frequency of the mode is defined by the upper and lower limits of 
the variable, and once these are known the relative frequency distribution 
may be drawn. If these limits are expressed in terms of the mode,. 
which automatically becomes 1.0, then they are the only parameters 
required to draw the distribution. 
I 
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G. 1.2 Cumulative frequency and inverse 
The cumulative frequency distribution is found by substituting 
for P in (G-6) and (G-1O) 
LSXSM 
Substituting for P in (G-6) gives 
F(X) =2 
(X-L) 
2 
(U-L) ' 2. (M-L) 
(X-L) 
2 
(U-L). (M-L) (G-16) 
The inverse relationship will be 
(X-; L) 
2=F (X). (U-L) 
. 
(M-L) 
i. e. (X-L) = +F (X) . (U-L) . (M-L) 
i. e. X=L+ F (X) . (U-L) . (M-L) (G-17) 
where 
X<M 
or, substituting in (G-6), 
FWS (M-L) 
2S 
M-L 
(U-L) . (M-L) U-L) 
(G-18) 
M<X 
_< 
ü 
Substituting for P in (G-1O) gives 
F (X) -2. 
(M-L) 
+2'. 
[ (X-U) 2- (M-U) 2] 
(U-L) 2 (U-L) 2. (M-U) 
(M-L) 
+ 
[(X-U) 2- (M-U) 
(U-L) (U-L). (M-U) 
(M-U). (M-L) + (X-U) 
2- 
(M-U) 
2 
(U-L) . (M-U) 
(G-19) 
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The inverse is 
(X-U) 
2=F 
(X) . (U-L) . (M-U) + (M-U) 
2- 
(M-U). (M-L) 
i. e. X=U- 
4F (X) . (U-L) . 
(M-U) + (M-U) 
2+ 
(U-M) . (M-L) 
] (G-20) 
Equations (G-17), (G-18) and (G-20) may be used to generate 
random values of X drawn from its original triangular frequency 
distribution. This is achieved (Chapter 4) by replacing the cumulative 
frequency F(X) by a random number R lying between 0 and 1. 
G. 2 Demand forecasting 
In order to describe the uncertainty present in forecasts 
of cooling water demand an estimate is required of the likely error 
in demand forecasts. The analysis presented here provides such an 
estimate. 
Data (illustrated in Figure 2.2) on sulphuric acid demand 
variation with time is taken as representative of the variation to 
be expected in cooling water demand. These data give the sulphuric 
acid demand over a period of M years (M-28). It is assumed that the 
data for the first N years (N - 2,3,4... ) only is known, and that 
these data are used to forecast the demand year-by-year over the 
remaining (M-N) years. As the demand in each year N+1, N+2, N+3, 
..., M is experienced the earliest 
data point in the set of N data 
points used to forecast the demand is discarded, and the demand in the 
year just experienced becomes the most recent data point. In this 
way a constant "window" of N years into the past forms the basis by 
which the demand is forecast one year into the future. 
The forecasting formula employed is therefore a form of 
exponential weighted moving average (37), and is written 
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D' =D +d 
n+l nn 
where 
(G-21) 
Din+l = forecast demand in year N+1 
Dn - actual demand in year N, 
Qn = forecast increase in demand year N to N+l 
and do is found from the recurrence relationship 
dl = (D2-D1) (G-22) 
di = (1-b). di-1 + b. (D2-D1) i-2 to N (G-23) 
The variable b in this relationship gives the relative weight 
attached to the most recent increase in demand. By using this 
weighting factor increase3in demand which occur in the distance past are 
given less weight than those occurring more recently. 
When the demand forecast in this way is compared with that 
actually experienced it is found that there is an optimum value of b 
for a given N (Table G. 1. ). This optimum value b* gives the lowest 
standard deviation of the actual demand from that forecast where 
M 
Standard deviation, v-=  nEN+l 
(Dn Dri 
2 
(G-24) 
(M-N) 
When different values of N are tried it is found that the 
standard deviation of the demand varies with N (Table G. 2). To give 
the same weight to different levels of demand the standard deviation 
is normalised, 
M 
E (Dn Dn)2 
n-N+l 
n 
_n od 
(M-N) 
(G-25) 
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TABLE G. 1: Variation of standard deviation 
of demand with weighting factor 
M 28 years 
N=4 years 
Weighting factor 
b 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
Standard deviation 
a 
155.1 
155.0* 
155.0* 
155.1 
155.2 
155.4 
TABLE G. 2: Variation of normalised standard 
deviation with number. of. data points 
M= 28 years 
Number of optimum 
data points Weighting factor 
N b* 
2 . 18 
3 . 18 
4 . 18 
5 . 18 
6 . 18 
7 . 15 
Normalised 
standard deviation 
Qd 
. 081 
. 082 
. 084 
. 082 
. 084 
. 077 
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Two conflicting effects will be experienced as N is altered 
which may explain the variation in an. With larger values of N more 
data are available with which the demand may be forecast, so it might 
be expected that this will result in an improvement in the accuracy of 
the demand forecast. However, with larger values for N the earliest 
data will be further removed in time from the date of the forecast. 
These early data may not be relevant when forecasting the demand, and 
an increase in N might result in a reduction in the accuracy of the 
demand forecast. 
Based on the data in Table G. 2 it is assumed that the 
normalised standard deviation of the actual demand from that forecast 
will be 8% i. e. 
cd - 0.08 (G-26) 
When simulating tower operation, the demand is forecast using 
the extrapolation formula with N=2 because of the ease with which it 
may be programmed, and because it appears only slightly less accurate 
than when N>2. 
Fron equation (G-23), when N-2, 
d2 = (1-b) .81 +b. (D2 Dl) (G-27) 
but, 
al = (D2-Di ) (G-22) 
:. a2 = (1-b). 61 + b. al 
61 (G-28) 
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i. e. the increase in demand forecast one year forward is assumed to be 
the same as the increase in the previous year. 
The extrapolation formula is therefore 
Dn+l - Dn + do (G-29) 
do - Dn - Dn-1 (G-30) 
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APPENDIX H 
Variation with wet-bulb temperature of 
i) operating variables 
ii) operating cost elements, 
The effect of changes in wet-bulb temperature on the operating 
water and air rates in a tower and the effect on tower operating cost of 
changes in these variables is illustrated in Figure H. 1. 
In Figure H. l(a) the change in operating water and air rates 
with increasing wet-bulb temperature is shown for a tower operating at 
a constant cooling water demand rate. Also shown is the variation in 
the air pressure drop within the tower. It can be seen that at low 
wet-bulb temperatures the water rate is constant at the demand water 
rate, and that the air rate and tower pressure drop increase steadily 
as the wet-bulb temperature rises. As higher wet-bulb temperatures 
are experienced the air rate increases more rapidly to compensate and 
the pressure drop in the tower also starts to increase more rapidly. 
Eventually, at about 60°F, the tower loading point is reached at which 
the rate of pressure drop increase becomes much more rapid than the rate 
of increase of the air rate. This is because below the loading point 
the pressure drop is proportional to the air rate to the power 2.0, 
while above the loading point it is proportional to the air rate to 
the power 3.7 (see Appendix D). Finally, at about 68°F, the air rate 
can be increased no further without exceeding the flooding rate and 
the water rate has to be reduced. The tower has become inadequate. 
Above 68°F, therefore, the water rate is progressively reduced with 
increasing wet-bulb temperature. The rate of increase of the air rate 
and of the pressure drop in the tower is also reduced above 68°F since 
the air rate is then limited to the flooding rate. 
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The effect of the changes described above is illustrated 
in Figure H. 1(b) in which the corresponding changes in the cost of 
water treatment; the fan power cost, the cost of inadequate capacity, 
and the total operating cost, are shown. -Maintenance costs and water 
pumping costs are too small to be shown in Figure H. l(b). 
Consider first the effect of the above changes onIthe cost 
of water treatment, this cost being directly proportional to the 
water rate in the cooling tower (Appendix F). From Figure H. 1(b) it 
can be seen that this cost is constant during most of the period of 
rising wet-bulb temperature. Eventually, however, the tower becomes 
inadequate and the cost of water treatment is significantly reduced 
as the water rate is reduced. 
This reduction in water treatment cost is more than compensated 
for, however, by an increase in the cost of inadequate capacity. It 
can be seen from Figure H. 1(b) that as long as the demand can be 
satisfied then the cost of inadequate capacity is nil. When the 
tower finally becomes inadequate, however, this cost (see Appendices E, F) 
increases very rapidly indeed until, at the highest wet-bulb temperatures 
experienced, the cost of inadequate capacity constitutes the major part 
of the total operating cost. 
The final cost element illustrated in Figure H. l(b) is the 
fan power cost - the cost of drawing air through the tower. This cost 
is directly proportional to the pressure drop (Appendices, D, F). It 
can be seen from Figure H. l(b) that changes in this cost correspond to 
changes in the air rate and in the tower pressure drop. Initially, 
at low wet-bulb temperatures, the fan power cost is small. As the 
wet-bulb temperature rises, however, and the air rate increases to 
compensate, the fan power cost increases steadily until it forms a 
significant part of the total operating cost. Eventually, at the 
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highest wet-bulb temperatures, the increase in fan power cost becomes 
very rapid, and this cost becomes several times larger than the cost 
of water treatment. 
The change in the total operating cost with increasing wet- 
-bulb temperature can also be seen in Figure H. l(b). At low wet-bulb 
temperatures the major part of this cost is the cost of water treatment. 
As the wet-bulb temperature rises the total operating cost increases 
due to the increase in fan power costs. At the highest wet-bulb 
temperatures the increase in operating cost becomes more rapid, first 
because of a more rapid increase in fan power cost, and finally because 
of the increase in the cost of inadequate capacity. As a result of 
the greatly increased fan power cost and cost of inadequate capacity 
the final operating cost is more than 5 times as great as the initial 
operating cost. 
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APPENDIX I 
Optimum air rate limit 
In Chapter 3 it is shown that uncertainty in cooling tower 
operating conditions may be compensated for by alternating the air 
rate. The use of an increasing air rate to provide additional cooling 
duty in a cooling tower cannot continue indefinitely, however, and an 
upper limit to the air rate must be set. The flooding air rate in a 
tower provides such a limit. However to allow the air rate to increase 
to this upper limit can only be justified if the additional costs 
incurred (increased fan power costs) are less than the costs which would 
otherwise be incurred (due to inadequate cooling capacity). The 
assumption is made that this is so. The validity of this assumption 
is shown by the results in Figures I. 1 and 1.2. 
These figures illustrate the change in operating variables and 
corresponding operating cost elements with increasing wet-bulb temperature 
for a tower satisfying a constant cooling water demand. These changes 
are shown for two limiting conditions of tower operation - when the air 
rate is limited to the loading rate and when it is limited to the flooding 
rate. A comparison of the tower operating cost for each of these 
limiting conditions shows whether the use of the higher limit (the 
flooding rate) is justified. 
The effect of the different air rate limits on operating 
variables is shown in Figure 1.1. From this figure it can be-seen that 
when the air rate is limited to the loading rate the increase in the air 
rate (and pressure drop) as the wet-bulb temperature rises is significantly 
less than when the flooding air rate is the limit. As a consequence 
the maximum cooling duty possible is less when the loading air rate 
limit is used. so the tower. becomes inadequate sooner and the water 
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rate is reduced at lower wet-bulb temperatures. 
The effect of these changes on the different operating cost 
elements is shown in Figure 1.2. It can be seen that a loading rate 
limit results in fan power costs which are either less than or equal 
to the fan power costs resulting from the use of a flooding air rate 
limit. Similarly the use of a loading rate limit results in a cost 
of water treatment that is either less than or equal to the same cost 
when a flooding rate limit is used. These costs are lower with a 
loading point limit because they are proportional to the air rate and 
the water rate. As shown in Figure I. 1 the use of this limit results 
in air and water rates which are always less than or equal to the 
equivalent rates when a flooding air rate limit is used. 
The reduction in fan power cost and water treatment cost 
0 
represents the benefit of using the lower air rate limit. The 
disadvantage is shown in Figure I. 2(c). This illustrates the different 
costs of inadequate capacity resulting from the use of the two air rate 
limits. It can be seen that because the tower becomes inadequate 
sooner with a loading air rate limit the costs of inadequate capacity, 
where it occurs, is very much greater than at a flooding air rate limit. 
The increase in the cost of inadequate capacity arising from the use of 
a loading air rate limit is so great in fact that, as shown in Figure 
I. 2(d) it more than matches the reduction in other operating costs. 
The result is that the total operating cost is always either greater 
than or equal to the operating cost when a flooding air rate limit is 
used. 
By showing, therefore, that the operating cost with a flooding 
air rate limit is always less than or equal to the operating cost at a 
lower air rate limit the results in Figures I. I and I. 2 provide a 
justification of the assumption that the flooding rate is the optimum 
limiting air rate. 
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APPENDIX J 
Simulation program - flow chart and listing 
Simulation of tower operation in. uncertain: conditions is 
carried out by means of a computer program consisting in essence of 
two parts. 
In the first part the variation of uncertain variables is 
simulated, and the appropriate cost criterion (UNACOST5 or UNACOST20) 
evaluated in response to this uncertainty. The variance of this 
criterion is also evaluated. The development of this stochastic 
program is described in Chapter 4. The program itself is described 
in Section J. 1. 
The second part of the simulation program models tower operation 
given the existence of a set of uncertain variable values. Given this 
set of values the model calculates the water and air rates at which 
a tower will operate. This model is called repeatedly by the first 
(stochastic) part of the simulation program as each set of uncertain 
variable values is simulated, and by returning the operating water and 
air rates enables the calculation of the appropriate cost criterion to 
be made. The development of this model is described in Chapter 3. 
The model itself is described in Section J. 2. 
The complete program is written in FORTRAN IV. 
J. 1 Simulation of uncertain conditions 
The flowchart of the program used to simulate uncertain 
conditions is presented in Figure J. 1 A listing of the complete 
simulation program is presented in Section J. 3. The flow chart 
represents lines 001-283 of this listing. Line numbers from the 
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listing are shown next to the appropriate instruction in the flowchart. 
Triangularly distributed variables (capital investment, 
volume transfer coefficient, maintenance cost, cost of inadequate 
capacity) are simulated by using the FORTRAN segment described in 
Chapter 4 (Figure 4.5). Packing life is simulated by means of the 
FORTRAN segment described in Figure 4.6. 
Demand is forecast as described in Chapter 4 and in Appendix 
G. Demand uncertainty is simulated by means of the FORTRAN segment 
illustrated in Figure 4.7. 
Wet-bulb temperature variation is simulated either by means 
of the approximation wb = 54°F, or else by the 17 point Trapezium 
rule integration method described in Chapter 4 (Figure 4.10). 
Operating water and air rates are evaluated by means of the 
model developed in Chapter 3, a flowchart of which is given in the next 
section, J. 2. Note that the model is called as a subroutine EVAL. 
When the subroutine is called the current value of the wet-bulb 
temperature and the cooling water demand is passed to it. The 
subroutine returns the operating water rate at this wet-bulb temperature 
and demand. Note also that the current value of'the random volume 
transfer coefficient factor (KGFACT) is transferred to the subroutine 
through a COMMON block. 
The determination of the capital expenses required for a given 
design, the calculation of the operating cost for a given water and air 
rate, the calculation of operating costs after due consideration of the 
effect of taxation and allowances, and the determination of the UNACOST of 
a design, are all described in Appendix F. Note that in the year of 
packing failure (LIFE) the expected operating cost is increased due to 
the cost of replacing the packing (C PACK). 
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Generation of negatively correlated random number sequences 
is by the relationship 
R= 2-K+(-1)K. RN 
where, 
(J-1) 
K1 or 2 
RN = uniform (0-1) pseudo-random number generated 
by a standard computer program 
In the first simulation of a tower design K=1, whence 
R= 2-1-RN = 1-RN 
Repeating the simulation with K=2 gives 
(J-2) 
R= 2-2+RN = RN (J-3) 
A single simulated UNACOST value is the average from two simulation 
runs 
UNACM(ISIM) = UNACOS(ISIM)K=1+UNACOS(ISIM)Ka2 
2 (J-4) 
where 
UNACM(ISIM) = average UNACOST in simulation ISIM 
UNACOS(ISIM)K=1= UNACOST in first simulation run 
uNACOS(ISIM)K=2= UNACOST in second simulation run 
Mean UNACOST is, from equation (4-36) 
2 MAX 
UNACEX =EE UNACOS(ISIM)/2. MAX (J-5) 
K=1 ISIM=1 
where, 
MAX - Sample size 
The variance in the UNACOST is, from equation (4-37), 
MAX 
UNAVAR (UNACM (I) -UNACEX) / (MAX-1) (J-6) 
2 
I=1 
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J. 2 Modelling tower operation 
The stochastic simulation segment described in J. l requires 
the evaluation of operating water and air rates at each simulated 
wet-bulb temperature. A modelling technique to evaluate these operating 
conditions is described in Chapter 3. The flow chart of a program 
based on this modelling technique is presented in Figure J. 2. In 
Figure J. 2(a) the main part of this program (subroutine segment EVAL) 
is flow charted. In Figure J. 2(b) function segments called by this' 
subroutine segment are flow charted. The program corresponds to lines 
284-599 of the complete program listing in Section. J. 3. Line numbers 
from this listing are shown next to the appropriate instruction. 
The model takes the form of a subroutine segment, EVAL, 
called whenever it is desired that the operating water and air rates 
in a tower be known for a given set of uncertain variable values 
U{K, twb, Lr}. On entry the subroutine is supplied with data on the 
packing size and packing characteristics (A, Z, s), and the required 
cooling duty (tLl, tL2, Lr). On exit it returns the appropriate 
operating water and air rates (L, G). Uncertainty in the volume 
transfer coefficient is represented by a random factor (denoted KGFACT) 
which denotes the departure from its expected value. The actual 
volume transfer coefficient is found by multiplying its expected value 
by the current random factor value. 
The search for an operating water or air rate is conducted 
within the function segment SEARCH. SEARCH is called from EVAL whenever 
the preliminary tests have been completed, the appropriate circumstances 
(Cases 1,2 or 3- see Chapter 3) decided upon, and the limits upon the 
search variable evaluated. The function call defines the search 
variable (by means of a variable, K) and the upper and lower limits 
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to this variable. It also supplies the name of a function segment 
(LIQFNC or GASFNC) to evaluate the objective function - (LHS-RBS)2 - 
to be minimised. If the search variable is the water rate (K-10) the 
evaluation of the objective function is by. the function segment LIQFNC 
which evaluates (LHS-RHS) 
2 
at the water rate given in the function call. 
Meanwhile the air rate is maintained at the appropriate flooding rate. 
If the search variable is the air rate (K-0) then the evaluation of 
(LBS-RHS)2 is by the function segment GASFNC which evaluates the 
objective function at the air rate given by the function call, with the 
water rate at the demand rate LR. 
As can be seen from the listing in Section J3, when the water 
rate is the search variable (K>2) the search procedure is conventional 
Golden Section search (1) with the trial points (X1, X2) dividing the 
search range (XL XU) in the Golden Section ratio 
-1 . 0.618 (J-7) 2 
i. e. Xl - XL + 0.618. (XU-XL) (J-8) 
X2 - XU - 0.618. (X0-XL) (J_9) 
The stopping criterion is that the final range should be no more than 
1% of the demand 
i. e. XU-XL 9 0. O1. LR (J-10) 
Taking the midpoint of the final range as the solution gives the water 
rate to within ±0.5% of the cooling water demand. The number of trials 
required in this Golden Section search is given by (61) 
N1+ log (e) (J-11) 
log (0.618) 
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where, 
A= final range as a fraction of the original. With the 
stopping criterion above the number of trials is constant at 11. 
Note that with this stopping criterion the percentage error 
in the water rate, and in the degree of inadequate capacity (the 
difference between the cooling water demand and the actual water rate), 
may be high if either has a value which is low compared with the demand. 
This is compensated for, however, by the fact that the influence of 
either variable is reduced as its value diminishes. 
When the search is for the air rate (K<2) a different stopping 
criterion is employed. This is because, for optimum tower operation, 
the air rate is minimised subject to the constraints on tower operation 
(Chapter 3). It is found that as a consequence the operating air rate 
tends to lie near the lower end of the initial search range. To 
achieve a satisfactory accuracy the stopping criterion is therefore 
related not to the initial search range but to the final range. The 
criterion employed is that a search for the air rate should be stopped 
when the remaining range is no more than 1% of the lower limit of this 
range. Taking the midpoint of this final range. as. the solution gives 
the air rate to within ±0.5% of its true value. 
It is found when searching for the air rate that when the 
solution lies near the lower end of the original range then A in 
Equation (J-11) can be very small and N, the number of trials, large. 
This is overcome by converting to a logarithmic scale, the search 
points being chosen such that 
log xi = log(XL) + 0.618. [log(XU)-log(XL)] 
log X2 = log(XU) - 0.618. [log(XU)-log(XL)] 
i. e. log (X1) = log {XL. 
()0.618} 
. log (X2) = log {XU/(XL) 
0 618} 
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i. e. Xl - XL. (XL)0.618 (J-12) 
X2 = XU/ (XL) 
0.618 
(J-13) 
The stopping criterion is 
XU-XL < 0. O1. XL (J-14) 
i. e. XU < 1. O1. XL 
i. e. log (XL) < log (1.01) = 0.009949 (J-15) 
it is found that with this modified search procedure and stopping 
criterion that the number of trials required is 14 to 17 depending on 
which end of the original range the solution lies. 
The evaluation of the integral 
tL2 dtL 
RHS ý (hZ-hG) 
tLl 
_ 
(J-16) 
is by means of function segment RHS which employs a standard numerical 
integration procedure (16). 
The mean air density in a tower is calculated as a function 
of the inlet air enthalpy by function segment RHO. The evaluation of 
this variable is also described in Appendix B. 
The derivation and development of analytic forms of the 
relationships employed in the computer model is described in Appendices 
B anc C. In Appendix B equations of normal tower operation are 
described. In Appendic C equations of limiting conditions of tower 
operation - limiting water/air ratio, limiting water rate, limiting 
air rate - are described. 
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J. 3 Program listing 
A program listing is presented overleaf. It is followed 
by a description of the nomenclature employed. 
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PROGRAM NOMENCLATURE 
(*Variable is stored in a COMMON block) 
Segment: - MASTER 
Equivalent 
text variable 
A A* - packing area 
A AAB(I) - annual investment allowance in year. I a, i 
ACC* - defines accuracy of numerical integration 
in FUNCTION RHS 
CP APC - power cost element of annual operating cost 
B - variable used in calculation of random 
packing life 
ci C(I)* - coefficients in calculation of inlet air enthalpy 
r cc - cost of capital 
C CINAD - cost of inadequate capacity 
c 
Xf CINADF - random cost of inadequate capacity factor 
X CINADL - lower end of range of uncertainty) L 
X CINADM - mode of 11 if if 
) 
of cost of 
in ) inadequate 
X CINADU - upper end it .. ) 
capacity 
u 
CL CLAB - annual cost of process labour 
CPACK - cost of packing replacement 
6n D- forecast increase in demand 
Ec. Xf D(E - actual direct capital expenses 
Ec DCEEXP - expected direct capital expenses 
AFi DELF(I) - incremental values of wet-bulb temperature 
cumulative frequency distribution. Used 
in Trapezium rule integration calculations. 
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AP DELP - pressure drop 
ux ED - mean demand relative to forecast value 
u ELOG - mean (log demand)' relative to forecast value 
Y 
E(C) EOC - annual expected operating cost not including 
packing replacement 
F-D. C. F. discount factor 
F2 - D. C. F. discount rate over six months. 
Used in tax and investment allowance calculations. 
G G* - air rate in tower 
GG* - global value of air rate. Used to transfer 
current value between different program segments. 
Gl - dummy variable. Takes value of loading air 
. rate 
in pressure drop calculations 
GL G2 )- 
loading air rate. Depends on water rate. 
GL G3 )- 
h 
91 
HG1* - inlet air enthalpy 
I- counter 
ISIM - simulation number 
J- counter 
K- variable to generate two negatively correlated 
random number sequences 
xf KGFACT* - random volume transfer coefficient factor 
- 259 - 
XL KGL - lower limit of range of uncertainty) 
X KGM - mode to of volume m transfer 
Xu KGU - upper limit """) coefficient 
L L* - water rate in tower 
LG* - global value of water rate. Used to transfer 
current value between program segments. 
LIFE - actual packing life 
Xf LRFACT - random demand factor 
,D L LR* - annual demand n r 
Dn-1 LRP - previous year's demand 
D LRO - initial demand 0 
M - counter 
N MAX - number of simulations s 
M MC - annual maintenance cost C 
Xf MCFACT - random maintenance cost factor 
XL MCL - lower limit of range of uncertainty) 
X MCM - mode of °" ."") of m ) maintenance 
X MCU - upper limit cost u 
11 
P 
MLIFE - mean packing life 
N NYEAR - year of simulation 
Ci OC(I) - annual operating cost at Ith wet-bulb 
temperature value 
E(C) OCEXP - expected annual operating cost including 
packing replacement, 
- 260- 
E (C 
t, n 
bi 
L5 
It 
PVC 
m 
R 
R 
C 
Pg 
Ri 
$ 
ct x 
v Y 
t 
It Xf 
Xf 
It 
OCMEAN(I) - mean of Ith and (I+l) 
th 
operating cost value 
OCTAX - annual operating cost after tax and allowances 
P(I)* - coefficients in calculation of effective 
surface area for heat transfer 
PLANL - expected demand in year 5 
PVTC1 - present value of total capital investment 
PWEXP - redundant variable 
PWN - net present worth of costs 
R - uniform random number in range 0-1 
RANGE - cooling range in tower 
RATE - expected rate of increase of demand 
RHOG* - mean air density in tower 
RN - uniform random number in range 0-1 
Generated by a standard computer routine 
S* - surface area/unit volume of packing 
SN - discount factor value in year NYEAR 
STDD - standard deviation of uncertain demand 
relative to forecast demand 
STDLOG - standard deviation of (log demand) 
relative to forecast demand 
SUM - variable in calculation of random 
uncertainty factor 
TAX - effective tax rate 
TCI - actual total capital investment 
TCIFAC - random total capital investment factor 
TCIEXP - expected total capital investment 
- 261 - 
XL 
x 
m 
x 
u 
tLl 
tL2 
Wh 
twb 
U' ue 
Umei 
Ul, i'U2, i 
VX 
Ai. t 
TCIL - lower limit of range of uncertainty) 
of total 
TCIM - mode " capital 
investment 
TCIU - upper limit 
TLI* - cold water temperature 
TL2* - hot water temperature 
TR - variable in random packing life calculation 
TW - hours of tower operation per year 
TWB* - wet-bulb temperature 
UNACEX - expected (mean) UNACOST 
UNACM(ISIM) - UNACOST for simulation ISIM. Average of 
UNACOST for two simulation runs with negatively 
correlated random number sequences. 
UNACOS(ISIM) - UNACOST for a single simulation run in 
simulation ISIM 
UNAVAR - variance in expected UNACOST 
V- mean packing life expressed in floating point form 
VD - variance of uncertain demand relative to 
forecast demand 
VIAB - value of initial allowance benefit after tax 
WTC - annual cost of water treatment 
Y- dummy variable in generation of uniform 
random numbers 
Yl - dummy variable to initialise uniform random 
number sequence 
Z Z* - height 
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Segment: - SUBROUTINE EVAL 
A* - See MASTER 
ACC* - See MASTER 
a ATRANS - effective area of heat transfer in packing 
C(I) - see MASTER 
h91 ENTHAL - enthalpy of inlet air 
GL 
GU 
K 
9 
Lf 
LHS 
LL 
L 
r 
G* - see MASTER 
GL - lower limit) 
)to air rate when it is search variable 
GU - upper limit) 
HG1* - see MASTER 
I- counter 
KG - actual volume transfer coefficient 
KGFACT* - see MASTER 
L* - see MASTER 
LF - wetting rate as a fraction of minimum 
wetting rate 
LG* - see MASTER 
LHS - value of left-hand side of design equation 
LL - lower limit to water rate when it is search variable 
LR* - cooling water demand 
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LU LU - upper limit to water rate when it is 
search variable 
P(I) - see MASTER 
(L/G) 
m 
RATMAX - maximum water/air ratio 
RHOG* - see MASTER 
RHS RHS - value of integral on right hand side of 
design equation 
S* - see MASTER 
TWB* - see MASTER 
Z- see MASTER 
Segment: - REAL FUNCTION LIQFNC 
LX- current value of water rate in search procedure 
LIQFNC - value of (LfS-RHS)2 
All other variable names are defined in MASTER or SUBROUTINE EVAL above 
Segment: - FUNCTION GASFNC 
GX- current value of air rate in search procedure 
GASFNC - value of (LUS-RHS)2 
All other variable names are defined in MASTER or SUBROUTINE EVAL above. 
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Segment: - FUNCTION RHO 
Ci C(I) - coefficients in calculation of saturated 
air humidity 
Hgl HUMI - humidity of inlet air 
p4 RHO - mean air density in tower 
All other variable names are defined in MASTER or SUBROUTINE EVAL above. 
Segment: - FUNCTION SEARCH 
K- variable to define whether water rate (K=10) 
or air rate (K=0) is search variable 
LR* - see MASTER 
N- number of trials in search procedure 
G, L SEARCH - operating value of search variable in tower 
GL, LL XL - lower limit to search variable 
GU, LU XU - upper limit to search variable 
xi - trial value nearest upper limit) dividing search 
) range in Golden 
X2 - "" lower " Section ratio 
Yl - value of objective function to be minimised 
(LHS-RHS) 2 at trial value X1 
Y2 - value of objective function at trial value X2 
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Segment: - FUNCTION RHS 
C(I) - see MASTER 
GG - see MASTER 
HG1 - see MASTER 
LG - see MASTER 
tLl LGR - lower limit of integration (=TL1) 
tL2 RGR - upper limit of integration'(=TL2, see MASTER)- 
RHS RHS - value of integral on right-hand side of design 
equation 
TL1 - see MASTER 
hg1 X - enthalpy of saturated air in equilibrium 
with water leaving tower 
hg2 Y - enthalpy of saturated air in equilibrium 
with water entering tower 
All other variable names are defined in Reference (16) 
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NOMENCLATURE 
Cooling tower design and operation 
ai - coefficients in evaluation of saturated air enthalpies 
a- effective surface area per unit volume ft2/ft3 
of packing 
A- cross-sectional area of packing ft' 
2 
bi - coefficients in evaluation of effective 
surface area of packing 
ci - coefficients in calculation of saturated 
air humidities 
E - fractional effectiveness of packing p 
Fs - fractional free space in packing 
G - air rate in tower lb/hr 
Gf - flooding air rate lb/hr 
GL - loading air rate lb/hr 
GL - lower limit to air rate 
GU - upper limit to air rate lb/hr 
h - enthalpy of bulk air at any point in tower BTU/lb g 
hgl - enthalpy of air entering tower BTU/lb 
hg2 - enthalpy of air leaving tower BTU/lb 
hL - enthalpy of saturated air in equilibrium BTU/lb 
with water 
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Hgl - humidity of air entering tower lb/lb. dry air 
I- value of design integral 
K- mass transfer coefficient lb/hr. ft2. atm. 
Lf - wetting rate as fraction of MWR 
L - minimum wetting rate ft3/hr. ft m 
L - cooling water demand lb/hr r 
Lu - maximum limiting water rate lb/hr 
L - wetting rate per unit periphery ft3/hr. ft w 
L - water rate in tower lb/hr 
LHS - left-hand side of design equation 
LL - lower limit to water rate) lb/hr 
)during search procedure 
LU - upper limit to water rate) lb/hr 
n- velocity heads lost per foot of packing 
RHS - right-hand side of design equation (design integral) 
s- actual surface area per unit volume of ft2/ft3 
packing 
tL - water temperature at any point in tower °F 
tLl - temperature of water entering tower °F 
t, t L2 - temperature of water leaving tower 
°F 
twb - wet-bulb temperature OF 
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v- linear air velocity in tower ft/sec 5 
VL - liquid surface velocity ft/sec 
v0- mean equivalent empty-tower air velocity ft/sec 
V- volume of packing ft3 
Vg - volumetric air rate ) per unit 
cross-section ft3 
2 /hr. ft 
vL - volumetric water rate) of packing 
Z- height of packing ft 
Ah - enthalpy driving force BTU/lb 
Ah1 - enthalpy driving force at base of tower BTU/lb 
Ah2 - enthalpy driving force at top of tower BTU/lb 
AP - pressure drop milli. atm. 
APL - pressure drop at loading point milli. atm. 
pg - mean air density lb/ft3 
Pi - density of air entering tower ]b/ft3 
p2 - density of air leaving tower lb/ft3 
Economics of tower operation 
A- annual (investment) allowance £ 
a 
A-"" in year N£ 
a, n 
Ai - initial (investment) allowance £ 
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C - annual operating cost £/yr 
cc - cost of inadequate capacity £ 
CL - cost of process labour £/yr 
C - costs incurred in year N £ n 
C - annual power cost £/yr p 
E - direct capital expense £ c 
Ed - delivered equipment cost £ 
E(C ) - expected operating cost in year N £/yr n 
E(C ) - effective operating cost after taxation £/yr t, n 
and investment allowances accounted for 
FRP, 
m - 
UNACOST present value factor 
C' 
installation costs £ 
Ii - initial capital investment £ 
It - total capital investment £ 
L5 - expected cooling water demand in year 5 lb/hr 
M- pump motor cost £ 
MC - annual maintenance cost £/yr 
N- tower age, year of tower operation years 
p- pump cost £ 
p- present value of investment over M years £ 
nn 
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r- cost of capital 
Rc - cooling range OF 
RR - UNACOST over M years g 
t- tax rate 
UNACOST - uniform annual equivalent cost of investment £ 
UNACOSTm - UNACOST over M years g 
vn - written down value of investment in year N£ 
Wh - hours of tower operation per year hours 
xp - fraction of profits distributed as dividends 
Ym- cumulative average maintenance cost as £/yr 
percentage of tower cost 
Stochastic simulation and optimisation 
Ci - annual operating cost at Ith wet-bulb temperature £/yr 
value 
Dn - actual demand for cooling water in year N lb/hr 
Dn - forecast demand for cooling water in year N lb/hr 
Do - initial demand for cooling water lb/hr 
Ei - estimated error term in Simpson's rule integration 
E(C) - expected annual operating cost £/yr. 
E(X) - mean of distributed variable X 
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f(X) - relative frequency distribution of variate X 
f(Y) - frequency distribution of normal variate Y 
AF - incremental (operating cost ) cumulative i wet-bulb temperature 
frequency between Ith and (I+1)th wet-bulb 
temperature value 
F(C) i- cumulative frequency of annual operating cost 
at Ith wet-bulb temperature value 
F(twb)I - cumulative frequency of annual operating cost 
at wet-bulb temperature value 
F(X), F(Xf) - cumulative frequency distribution of variates X, Xf 
L- lower limit of any triangularly distributed variable 
M -. mode of any triangularly distributed variable 
or 
data points utilised to estimate forecast demand 
accuracy 
N- year of tower operation 
or 
data points to estimate forecast demand accuracy 
Ns - number of simulations 
P- relative frequency at mode 
R- uniform random number in range O-1 
Ri - sequency of uniform random numbers in range 0-1 
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t- Student's t-test variate 
U- upper limit of any triangularly distributed variable 
Ua, i - average UNACOST 
from 2 negatively correlated 
random number sequences 
Uf - utility function 
Uli) simulated UNACOST from each of 2 negatively 
U2, i) correlated random number sequences 
Ul, 
e) estimated mean 
UNACOST of each of 2 positively 
_)- U2, 
e) correlated random number 
sequences 
V - most likely v ariable value 
V - actual variable value a 
VX - variance of log-normal variate X 
X - uncertain variable in cooling tower design 
X - demand uncertainty factor d, n 
Xf - uncertain variable factor 
XL - lower limit ) 
X - mode ) of triangularly distributed m uncertain variable 
X - upper limit ) u 
y- normal variate transform of log-normal variate 
d- forecast increase in demand from year N to N+l 
n 
p- final range of Golden Section search as a fraction 
of the original range 
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11 
ue 
1p 
uX 
uy 
Q 
ad 
vlh 
Q 
e 
Qx 
a 
Y 
- mean 
- estimated mean 
- mean of Poisson variate 
- mean of log-normal variate, X 
- mean of normal variate Y 
- standard deviation 
- standard deviation of demand uncertainty 
- normalised standard deviation 
- estimated standard deviation 
- standard deviation of log-normal variate X 
- standard deviation of normal variate Y 
